A NEW MODULAR PLETHYSTIC SLy(F)-ISOMORPHISM
SymVE @ AN Symit E =~ AT gymidE

ALVARO L. MARTINEZ AND MARK WILDON

ABSTRACT. Let F be a field and let E be the natural representation of
SL2(F). Given a vector space V, let AV be the kernel of the
multiplication map ANV @ V. — AYT'V. We construct an explicit
SLo(F)-isomorphism Sym™¥'E @ AV SymH!E =~ AN Sym?E.
This SLg(F)-isomorphism is a modular lift of the g-binomial identity
N B [N, [1‘\1,121](1 = 5¢0,18-1)(1,¢,...,q"), where s, ;n—1 is the Schur
function for the partition (2,1V~1). This identity, which follows from

our main theorem, implies the existence of an isomorphism when F is
the field of complex numbers but it is notable, and not typical of the
general case, that there is an explicit isomorphism defined in a uniform
way for any field.

1. INTRODUCTION

Let F be an arbitrary field and let E be the natural 2-dimensional rep-
resentation of the special linear group SLa(F). Let A* denote the Schur
functor canonically labelled by the partition A. Working over the field of
complex numbers there is a rich theory of plethystic isomorphisms between
the representations A* Sym?E. These include Hermite reciprocity and the
Wronskian isomorphism; we refer the reader to [PW21] for a comprehensive
account and references to earlier results. In [McDW22| it was shown that
both these classical isomorphisms hold over an arbitrary field, provided that
suitable dualities are introduced. The modular version of Hermite reciprocity
is Sym,; Sym?E = Sym? Sym,,E, where, given a SLy(F)-representation V,
Sym” V is the symmetric power defined as a quotient of V®" and Sym,V is
its dual defined as the subspace of invariant tensors in V®”". The modular
Wronskian isomorphism is Sym,, Sym?E = /\M Sym™M~1E. The purpose
of this article is to add to the collection of such modular plethystic isomor-
phisms by proving the following theorem. The version of the Schur functor
A we require is defined in immediately below.

Theorem 1.1. Let N € N and let d € Ng. The map ¢ defined in Defini-
tion is an isomorphism of SLa(IF)-representations
N+1
SymV'E ® /\ Sym?t1F =~ AT Sym?E.
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This theorem is notable as the first explicit example of a modular plethys-
tic isomorphism involving a Schur functor for a partition that is not one-row
or one-column, and also for the unexpected tensor factorisation it exhibits.

This isomorphism is a modular lift of the g-binomial identity

N(N-1) d-+2 d
P ] e ) (L)

where 55 1v-1) denotes the Schur function labelled by the partition (2, V-1,
We structure our proof so that we can obtain as a fairly routine corol-
lary of Theorem see Corollary where we also give combinatorial
interpretations of each side. As shown in [McDW22, Theorem 1.6] there
exist representations of the form A*Sym? E that have equal ¢-characters in
the sense of , and so are isomorphic over C, but fail to be isomorphic
over arbitrary fields F, even after considering all possible dualities. Indeed,
the authors believe this is the generic case. This adds to be interest and
importance of Theorem|[I.1] We finish with Corollary which lifts the iso-
morphism in Theorem to an isomorphism of representations of GLg(F),
and Conjecture [3.3] on a conjectured more general isomorphism.

1.1. Preliminaries. Fix a basis X, Y of the F-vector space E. For each
r € Np, the symmetric power Sym“F has as a basis the monomials X ?Y"
for0<i<e.

Schur functor. It will be convenient to define the Schur functor AR
on a vector space V by
N N+1
AR Y = ker puy /\V®V% /\ Vv (1.2)

where py is the multiplication map v1 A--- Avy Qw — vy A -+ Auy A w.
Thus ACT" DV is a subspace of /\N V ® V. Since ppn is a homomorphism
of representations of GL(V'), for any fixed group G, AR g o functor
on the category of F-representations of G.

Multi-indices. For ¢, r € Ny, let 1(9(r) denote the set {0,1,...,¢}". We
say that the elements of I\9)(r) are multi-indices. We define the sum of a
multi-index i by |i| = 3.7 _, in. Given i € I(9(r) we define

a=1
FO®1) = Xy p ... A XoTiryin,

Thus A" Sym°E has as a basis all F, A(C)(i) for strictly increasing i € I(9)(r).
We say that a pair (i,7) € I9(r)x{0,1,...,c} is semistandard if i is strictly
increasing and i; < j. Observe that (i, 7) is semistandard if and only if the
(2, 1¥=1)-tableau t(i,7) shown in the margin having entry i, in box (a,1)
and entry j in box (1,2) is semistandard in the usual sense.
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Definition 1.2 (Content and Neighbour). Let d € Ny. Let i € I(Y(N) and
j € {0,1,...,d} and let (i,j) be semistandard. We define the content of
(i,7) to be the multiset {i1,...,in}U{j}. We define the neighbour of (i, j)
by

P(i7j) = ((i17 v )ia—laja ia+17 s 7iN)7ia) (13)

where o € {1,..., N} is maximal such that i, < j.

Observe that the neighbour map is well-defined because i1 < j and that
it preserves content. Moreover, P(i,7) = (i,7) if and only if j is in the set
{i1,...,in}; in this case j is the unique repeated element of the multiset.
For example, repeated applications of the neighbour map give

((0,2,3),5) = ((0,2,5),3) = ((0,3,5),2) > ((2,3,5),0)  (1.4)

in which all pairs have content {0,2,3,5} and the final pair is the only one
that is not semistandard and so does not have a defined neighbour.

Definition 1.3. Let d € Ny. Let i € ID(N) and j € {0,1,...,d}. We
define F(i,j) € AV Sym?E ® Sym®E by

F(i,j) = F?(4) @ X9-9y9. (1.5)
If (i, j) is semistandard we define

(i, 7) if j € {i1,...,in}

(1.6)
F(i,j)+ F(P(i,j)) otherwise.

FA(ia ]) = {

Whenever we use the notation F'(i, j) in ([L.5)), the value of d will be clear

from context. To give an example we take N = 3 and d = 5. Then, omitting

some parentheses for readability, we have F((O, 2,5), 3) = XAX3Y?2AY?®
X?Y3 and

FA((0,2,5),3) = F((0,2,5),3) + F((0,3,5),2)
=X AXWIAY 2 X2V + XOAXPYV3AY® @ X3Y2

Semistandard basis. Tt is clear that A" Sym?F ® Sym?F has as a canonical
basis all F(i,j) for strictly increasing i € I'D(N) and j € {0,1,...,d}.
In this subsection we show that the Fa(i,j) for semistandard (i, j) form a
basis for its submodule A1) Sym? E, which we defined to be the kernel
of uxy : ANV eV = ANV in (T2).

We first show that these elements are in the kernel. Let i € I(9(N) be
strictly increasing and let j € {0,1,...,d}. Let a be maximal such that
ia < j. Then

MNF(P(L])) = :U’NF((Zl? . '7ia—17j7ia+17 e 7iN)7ia)
= XUy A A XTIYT A A XTINYIN A X layia
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Up to a swap of the factor X% JY7 in position a and the final factor
Xd—iayia the right-hand side agrees with puy (F(i,j)). Hence, by the def-
inition of Fa in , we have unyFa(i,j) = 0. In order to prove the basis
theorem, we shall use the following lemmas.

Lemma 1.4. Let {a1,...,an,b} be a subset of {0,1,...,d} witha; <...<

any < b. The N distinct semistandard pairs with content {a,...,an,b}
are Pa((al,...,aN),b) for a € {0,1,...,N — 1}; the second elements of
these pairs form the decreasing chain b > any > ... > ay. Furthermore,
PN ((a1,...,an),b) is not semistandard.

Proof. We leave this to the reader as a routine generalisation of (1.4). O

Lemma 1.5. The Fa(i,j) for semistandard (i,j) € I'‘D(N) x {0,1,...,d}
are linearly independent.

Proof. Tt is clear from the canonical basis of /\N Sym? E ® Sym? E that if
there is a non-trivial linear relation between the Fa(i,7) then it may be
assumed to involve only (i,j) of the same content (in the sense of Defi-
nition [1.2). If j € {i1,...,in} then there is a unique element Fa(i,j) of
content {i1,...,in}U{j}. In the remaining case, the content multiset is a
set, A say, and Lemma applies. Since each Fa (i, j) of content A is a sum
of F(i,j) and its neighbour F (P(i, j )), they are linearly independent.  [J

Lemma 1.6. There are N(]C\l,ffl) semistandard Young tableauz of shape

(2,1¥71) and entries in {0,1,...,d}.

Proof. Let S, be the set of all Young tableaux t(i) such that 1o, < J < ig+1
if @ < N, and such that iy < j if @« = N. It is clear that the set of
semistandard Young tableaux of shape (2,1V~!) is partitioned into the N

disjoint subsets S1,...,Sy. We claim that each S, has the same cardinality
(1(3/121) To see this, we define a bijection from S, to the set of strictly

increasing multi-indices in I+ (N 4 1) by
(l,j) — (il,...,ia,j + 1,ia+1 + 1,ia+2 +1,...,in + 1).
The inverse of this map is easily shown to be

(k1. kng1) = ((k1, . kaskas2 — 1, oo skvgr — 1), ko — 1), O

(2,1N-1) d+2)

Sym?E has dimension N(N+1

Proposition 1.7. The vector space A
and has as a basis

{Fa(i,j):i¢€ ID(N),je{0,1,....d},(i,7) semistandard}.

Proof. By Lemma the claimed basis is linearly independent. We use a
dimension counting argument to show that it spans AR Sym?E. By
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Lemma it suffices to show that dim AZ1" ™) Sym?E = N(f\ﬁ%) This
follows from the rank-nullity formula applied to (|1.2):

dimker puy = (d;\;1> (d+1)— <](\i[—:_11>
_ (d;1> (d+2) - <(d}1> + <Jii>>
(2w (42)

d+2
=N ) (]
(Vi)

1.2. Definition of ¢. Given 0 < j < k, set [j,k) = {j,7+1,...,k — 1}
Given a strictly increasing multi-index k € (D (N + 1), we define
B(k) = [k, k2) x [ka, ks) x -+ x [kn, kny1) © ID (). (1.7)
For example if d =5 and N = 3, we have
B((0,2,3,6)) = [0,2) x [2,3) x [3,6) = {0,1} x {2} x {3,4,5} C I®)(3).

Definition 1.8. Fix d € Ny and N € N. We define
N+1 N
¢:SymV E® /\ Sym?E — /\ Sym? E ® Sym? E

by
(XN Y o FI ) = Y F(is + k- N i) (1.8)
ieB(k)
where s € {0,1,...,N — 1} and k € I(¢FD(N + 1) is strictly increasing.
We remind the reader that, by ((1.5)) in Deﬁnition the summand on the
right hand side in (1.8]) is F/(\d)(i) @ X4 (sHKI=N=fi)ys+K=N=[il " o written
out in full,
Xd—ilyil A--- /\Xd—iNyiN ®Xd—(8+|k|—N—‘i‘)Ys+|k‘—N—|i|'
If i € B(k) then
i <(he =14+ (kypa —1) = [kl =k =N
i| > ki + -+ ky = k| — kvt (1.9)
andso s+ k| —-N—|i| >s+k; >0and s+ |k| - N —|i| <s+knt1— N <
kny1 —1 < d. Therefore ¢ is well-defined. As motivation and an aide-
memoire, we note that a canonical basis element of Y-degree s + |k| maps
under ¢ to a sum of canonical basis elements each of Y-degree s+|k|—N. We
refer to the space of elements of Y-degree [ as the weight space of weight [.

It is not obvious that ¢ has image in the subrepresentation AR Sym?E
of ANV ® V. We give a short proof of this fact in Lemma
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Example 1.9.
(a) By (1.8)), the canonical basis element

XN 1o P 0,1, N) = XN 1o XA XY Ao p XENHLYN

in SymV'E ® /\N—H Sym?T!E of minimal Y-degree 0+ 1+ - - - + N maps
under ¢ to the canonical basis element

F((0,1,...,N=1),0) = X A XY Ao A XENFIY N g xd
in A@17H Sym? E of minimal Y-degree 0 + 1 + --- + (N — 1). Working

over C, these vectors are highest weight for the action of the Lie algebra
generator e (which may be thought of as X%) in (2.2)).

(b) More generally the image of XN 7179V @ F/(\d+1)(i,i +1,...,i+N)
is F((i,i+1,...,i+ N —1),s+1). Note that since s € {0,..., N — 1}, it
follows from ([1.2)) that this image is in NG Sym?E.

(¢) The image of a canonical basis element of Sym™ 'E@ AN ™! Sym?t' E
typically has many summands. For instance take N = 3 and d = 5 and
(s,k) = (1,(0,2,3,6)). Then

O(XY @ XO A XY2AX3Y3AYE)
= > F(,1+1(0,2,3,6) — 3 i)
i€[0,2)x[2,3)%[3,6)
=F((0,2,3),4) + F((1,2,3),3) + F((0,2,4),3) + F((1,2,4),2)
+ F((0,2,5),2) + F((1,2,5),1).

We invite the reader to check that the right-hand side is in ALY Sym®F.

(d) Taking N = 1 we may identify Sym’E with F and A® Sym?E with
the symmetric tensors inside Sym?E ® Sym?E. The map ¢ : /\2 Sym*t'E —
A® Sym? E is then defined by

Q(X IRy o xd+l=tyty _ Z Xyt g xd-(kH=1=i) yhtt—1—i,
k<i<t

It is clear from the powers of Y in the tensor factors on the right-hand side
that the right-hand side is a symmetric tensor lying in A Sym?E. This
is an example of the Wronskian isomorphism mentioned at the start of the
introduction.

2. THE MAP ¢ IS AN SLo(IF)-ISOMORPHISM
2.1. The image of ¢. As defined ¢ has codomain /\N Sym?E @ Sym?E.
Lemma 2.1. The image of ¢ is contained in AR Sym‘E.

Proof. Let s € {0,1,...,N — 1} and let k € I4TD(N 4 1) be strictly in-
creasing. Let {2 be the subset of

B(k) X [O,d—i-l): [kl,kg) X -+- X [kN;kN—i-l) X{O,l,...,d}
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of all tuples (i1,...,in,J) such that iy +---+iy+j = s+ |k| — N. Writing
elements of €2 as (i, j), we have, using Definition

pve (XN Y @ V) = N unF(L ). (2.1)

(i,j)e
By the definition of ALY Sym? E from , it suffices to show that
the right-hand side vanishes. Our proof uses an involution on (2 related
to the partition used to prove Lemma (See after the proof for the

connection with the neighbour map.) First observe that if (i,j) € Q then
j=s+]k| — N —|i] and by (1.9) we have

k1 <j <knti.

Thus, given (i,j) € Q, there exists a unique 1 < o < N such that k, <
Jj < kat1. We send (i,7) to (il,...,j,...iN,ia) where j appears in posi-
tion «, so j and i, are swapped. It is clear this defines an involution in
which (i, j) is a fixed point if and only if i, = j. Since (i1,...,7,...,iN,la)

and (i1,...,%q,...,iN,]) are either equal or differ by a transposition, their
contributions to the sum in (2.1)) cancel. O

To illustrate the neighbour map in Definition [1.2| we remark that the
image of (i,j) under the involution in the proof of Lemma is P(i,7) if
ko <ig <j < kayr and P71, 75) if ko < < ia < kat1.

2.2. ¢ is an SLy(F)-homomorphism. For 8 € N we denote by ul® the
unit vector (0,...,1,...,0) where the non-zero entry is in position [3; the
length is always N or N + 1 and will always be clear from context.

Reduction. We recall the technical trick in [McDW22] §4.2] used to pass
from SLo(FF) to SLy(C). First notice that ¢ is a map of vector spaces,
but it is defined over the integers. Let v € F be an arbitrary element

L v

and U, = . The elements U, and their transposes generate SLy(IF).

Checking that ¢ intertwines the action of U, (or its transpose) amounts to an
equality of polynomials in v with coefficients in the image of Z in F. Clearly,
it suffices to check that this equality holds over the polynomial ring Z[y].
For this, in turn, it suffices to prove the equality for any transcendental
element v in any field containing Z as a subring. Proving the result for
SL2(C) certainly implies the latter condition. A basic fact from Lie theory
(see for instance [FH9Il Ch. 8]) then reduces the question to proving that ¢
commutes with the Lie algebra generators e and f of slo(C), defined on the
X, Y basis of E by the matrices

01 0 0
ez(o 0), fz(l 0). (2.2)
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Their action on Sym?FE is given by e - g = X c%g, and f-g = YC%’}. Their
action on /\R Sym°FE is then given by the usual multilinear rule for Lie
algebra actions, coming ultimately from

z-(u®v)=(z-u)@v+u® (z-v). (2.3)

We state it below using the unit vectors u() just defined:

R
e %) = kaF\ (k —ul®@) (2.4)
a=1
R
fE 00 = 3 e~ ko) F (e ul®)
a=1

for k € I(9(R). Here we use the convention that if k +u(® g I(®)(R) then
F ,(\c)(k +u(®) = 0. An application of now gives the Lie algebra action
on A1V Sym? E C /\N Sym? E ® Sym? E, which we use in the proof of
Lemma 2.3 below.

Technical lemma. The following lemma isolates the key step in the calcu-
lation that ¢ commutes with the Lie algebra action of e. In it we write
B(k) —u® for {i- u® :je B(k)}. The notation F(i, j) was introduced in
Definition The first paragraph of the proof below checks that, in every
summand, the second component of the pair is in {0,1,...,d}, and so the
expression is well-defined. This technical check could be skipped by instead
regarding the F'(i, j) as formal symbols; the proof then goes through.

Lemma 2.2. Let s € {0,1,...,N —1}. Let k € I'"*D(N + 1) be strictly
increasing. Then for any t such that |k| — N —1 <t < |k| — 2 we have

N+1

) kaF(it— i)

a=1 ieB(k—u(®)

LSS e DRGe— i)+ S (k- N )Gt - ).

B=1jeB(k)—uld) jeB(k)

Proof. If i € B(k—u'®) and «a # 1, N +1 then, by replacing k with k —u(®)
in (1.9) we have |k| —kny41 —1 < i < |k| =k — N —1 and so

K| —(d+1)—1<]i| < k| - N — 1.

Hence t —|k|+ N+1 < t—|i| < t—|k|+d+2 and the hypothesis on ¢ implies
that 0 <t — |i| < d. Thus each F(i,¢ — |i|) is well-defined. This also shows
each F'(j,t—|j|) in the first summand on the right-hand side is well-defined;
in the second summand we have instead ¢t — |k|+ N <t—|j| <t—|k|+d+1
and now if ¢ = |k| — N — 1 we may have —1 = ¢ — |j|, but in this case the
coefficient is |k| — N —|j| = |k| = N — (14¢t) = 0, so the ill-defined summand



A MODULAR PLETHYSTIC ISOMORPHISM 9

can be ignored. We leave the similar verification when a« =1 or a = N + 1
to the reader. We are now ready to begin the main part of the proof.
Given z € {0,1,...,d} and 1 < a < N, we set

C (k) = [k1, ko) X -+ % [ka—1,ka) X {2} X [kas1, kas2) X -+ % [kn, k1)

where {z} in position « replaces the interval [kq, kq41) in position « of the
product defining B(k) in ([1.7). Observe that

Bk—uM) = [k; — 1, ko) x [k, k3) X - - x [kn, kny1) = B(k) qul—l)’
Bk—uN*tDY = [ky, ko) x- - x [kn_1, kn) x [kn, kne1—1) = B(k) \C](\IICN+171)
and, if 2 < a < N, then

Bk—u'®) = [ky, ko) X - - X [kac1, ka—1) X [ka—1, ka) X - - - X [kn, k1)

= B ucliN )\ e (). (2.5)

Thus by setting C(()m) k) = C](\fil (k) = @, we may unify the cases so that ([2.5)
holds for all 1 < a < N 4 1. By (2.5)), the left-hand side in the lemma is

N+1
k| Z Gt=li)+> > kaF(i,t— i)
ieB(k a=1ieC§* " (k)

N+1

-3 Y kaF(t—lil).  (26)

a=1iec*1" (k)

Similarly to (2.5) we have

Bk) —u® = [ky, ko) x -~ x [kg—1,kgy1—1) X -~ X [kn, knt1)

kg—1 kgp1—1
=Bk ucy g\ e (k). (2.7)

By (2.7] ﬁ the first summand in the right side in the lemma is

Z( S Gs+VFG =)+ Y (ks—1+1)F (.t - i)

B=1 jeB(k) jecg’rl)(k)

— Y Gea—1+DF G- lil)).

jeCy M (k)

Since Z]BV 1(Jg +1) =[j| + N, and the second summand on the right-hand
side is Z_]GB (|k\ — N —|j|)F(j,t —|j|), the right-hand side in the lemma
simplifies to

K Y F Jat|j|)+§: > kgF(it—1il)

jeB(k) B=ljec,” " (k)

—iv: Z kg1 F(3,t —jl)-

ﬁ:ljecgﬂﬁ-lfl)(k)

(2.8)
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The lemma now follows by comparing (2.6) and (2.8]); since Céx) k) =
C](\D,Uil(k) = @ the three summands agree in the order written. O
The map ¢ commutes with e. The Lie algebra element e € sly(C) (which
may be thought of as X -3 acts on Sym?E by e X4 7YJ = jXd-itlyi-1,

Lemma 2.3. The map ¢ defined over the complexr numbers commutes with
the Lie algebra action of e € sly(C).

Proof. We compare e - ¢(z) and ¢(e - ) for x in the canonical basis of
SymM TEQAN T Sym® 1 E. Let s € {0,1,...,N—1} and let k € I*+D(N+
1) be strictly increasing. For ease of notation we set w = s+|k|—N. By
and and the definition of ¢ in Definition then the technical lemma
to obtain the third equality, and finally and again we have

ple- (XN1ye @ B (k)
N+1
— QO(SXN_SYS_I ® F/(\d+1) (k) + XN_1_8Y5 ® Z kaF/(\d+1) (k _ u(a)))
a=1
=s Y F(is+[kl-1-N-]i

ieB(k) N1

+> ko Y. F(i,s+|kl-1-N-J)
a=1

= i€ B(k—u(®)

I
M=

Y Us+DF(,w—1-j)

1jeB(k)—ul®

+ (s+ k| = N = [j)F(§,w—1—j])
jeB(k)

»
Il

I
WE

igF(i—a® w—i)) + > (s+[k|-N—[j)) F(§,w -1 j|)
) jeB(k)

™
Il

1ieB(k
=ec- Y F(j,s+ [kl - N—lj])
jeB(k)

— e (XN Y @ BTV ().

The hypothesis of the technical lemma that k| — N —1<w—1< k| -2
follows easily from the definition of w. O

Duality. To show that ¢ commutes with f we use a duality argument.
This appears to the authors to be more conceptual and involve less cal-
culation than adapting the proof already given for e, although this would
also be possible. Let e = (d+1,...,d+ 1) € I'"*D(N + 1) and define
7 € Endp (SyInN_1 E® A Sym™*! Symd+1(E)) by linear extension of

(XN @ FV ) = X0y N @ B (e — ),
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Let d = (d,...,d) € I((N) and define 7/ € Endg (A" Sym? ® Sym? E) by
linear extension of

7 (FPG) @ X4y = F{P(d - j) @ Xy
Lemma 2.4. We have et = 7f, 7'e = f7’ and 7' = to7.

Proof. Observe that 7 and 7/ are defined by multilinear extension of the
maps 0. : Sym°E — Sym°FE defined on the canonical basis by

O.(XIYT) = XTIy,
Since 6. (e - XIYT) = 0 (j XY™l = jXi-lyed+l = f. XIyed =
- (GC(X =iy )) we have O.e = f0.. By multilinearity, this implies the
first two equations in the lemma. For the third, let ez denote the sign of
the permutation of {1,..., R} reversing the positions in an R-tuple. (Thus
er = —1if R=2,3mod 4, and otherwise eg = 1.) Let s € {0,1,...,N—1},
let k € T(9t1)(N 4 1) be strictly increasing, and let k™ = (kny1,...,k1) be

the reverse of k. Observe that e —k*®V is strictly increasing and |e — k™| =
(d+1)(N+1) — |k|. Set

w=le—K|—1—-s=dN+N+d—s— k| (2.9)
By (1.7),
B(e—krev):[d+1—kN+1,d+1—kN) X o X [d—i—l—k‘Q,d—i-l—k}l).

Thus (i1,...,in) € B(e — k™) if and only if (d+1—in,...,d+1—1;) €
(k‘l,k‘z] X oo X (k’N,k'N—&-l]a so if and only if (d — iN, ce ,d - il) S B(k) =
[k1,k2) x -+ X [kn, kns1). Using this to step from line 3 to line 4 below,
and the definition of ¢ in ([1.8]) for the immediately preceding step, we have
(pT(XN_l_SYS ® F/(\d+1) (k))
_ QO(XSYNilis Q 5N+1F/(\d+1) (e o krev))
= > enpF(w-li|)
ieB(e—krev)

=EN+1 Z F((d—jns--yd—j1),w— (dN — [j]))

jeB(k)
:€N€N+17—,( Z F((]laa]N)ad_ (w_ (dN— |j|)))
jeB(k)
:ENEN+17—/( Z F((]l,,jN),S‘i“k’ - N - |j‘))
jeB(k)

= ENEN.i_lT/QO(XNiliSYS & F/(\d+1)(k))

where the penultimate equality uses (2.9)). Since enent1 € {—1,1} only
depends on N, this completes the proof. O
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Proposition 2.5. The map ¢ defined over the complex numbers is an
sla(C)-homomorphism.

Proof. By Lemmal[2.3] ¢ commutes with the Lie algebra action of e. By this
lemma and Lemma 2.4] we have

of = or7f = prer = £7'per = £1'epT = £ fT'OT = foTT = fo0,

and so ¢ also commutes with the Lie algebra action of f. Since sly(C) is
generated by e and f the proposition follows. O

2.3. The map ¢ is an SLy(F)-isomorphism. Fix N € N and d € Ny.
The canonical basis of Sym"'F ® /\N T Sym™1E is indexed by pairs
(s,k) with s € {0,1,..., N — 1} and k € TUtD(N + 1) strictly increasing.
Whenever we write a pair (s, k), it satisfies these conditions. By , the
vectors

V) = Y, Fi,w—|i]) (2.10)

ieB(k)

where w = s + |k| — N are the images under ¢ of the canonical basis of
SymM1'E @ AN Sym®HE.

By Lemma the map ¢ has image contained in AR Sym? E and
by Proposition AR Sym? E has the same dimension as the domain
of ¢. Therefore to complete the proof that ¢ is an isomorphism of SLy(F)-
representations, it suffices to show that the map is injective. To this end, we
will define a total order < on the basis elements Fa (i, j), and we will show
that the vectors v, k) are lower-triangular in this basis.

Preliminary results on chains. Our proof of this requires a close analy-
sis of the neighbour map in Definition [I.2] and the chains in Lemma [1.4
Recall from Definition that the content of a pair (i,7) is the multiset

{i1,...,in} U{j}.

Lemma 2.6. Suppose that (i,7) € ID(N) x {0,1,...,d} is a semistandard
pair such that F (i, j) has a non-zero coefficient in v(sy) and such that j &
{i1,...,in}. Let (i',j") = P™(i,j) for some m € N, and suppose that
F(i', ') has a non-zero coefficient in v(syy. Then m = 1.

Proof. By the definition of the neighbour map, i’ is strictly increasing, and
since (i,7) and (i',j") have the same content, we may write

(i,5) = ((1, .- - la—1,%asfat1, - - -1 iN), J)

(ilv.j,) = ((ila .. '7ia—17j7ia+17 . '77:N)7ia)
for some a € {1,...,N}. Since j & {i1,...,in}, by Lemma [I.4] the neigh-
bour map P is injective on pairs (i,7) of content {i1,...,in,j}. We claim

that it suffices to prove that (i',5') = P(i,j). Indeed, this would imply
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that P(i,j) = P(P™1(i,)), and by injectivity, P™~1(i,7) = (i,7). By
Lemma this implies that m — 1 = 0. The claim now follows.

To see that (i', ') = P(i, j), we need to show that « is maximal such that
Io < j. It is clear from Lemma that repeated applications of P replace
entries in the first element of the semistandard pair (i, j) by larger or equal
entries. Thus, j > i,. If @ = N, we are done. Otherwise, since i’ € B(k),
we have j < kqt1 < igy1- Since i < ig41, the result now follows. O

By Proposition AR Sym? E has as a basis the Fa (i, j) for semi-
standard pairs (i,7) € I(D(N) x {0,1,...,d}.

Lemma 2.7. In the expression of v(sx) as a linear combination of the
FA(i,7) for semistandard pairs (i,7) € I'D(N) x {0,1,...,d} there is at
most one (i,7) of any given content.

Proof. It j € {i1,...,in} then the unique basis element from the Fa basis
whose semistandard pair has content {i1,...,in}U{j} is Fa(i, 7); since this
element is F'(i, ), in this case, the lemma obviously holds.

In the remaining case, the content multiset is a set, and by Lemma [T.4]
there are N semistandard pairs of content {i1,...,ixy}U{j} forming a chain

(D, 5y, LGP, 5P, G, 00, G, ) (2.11)

geeey

withd > ;M > ... > ;) > 1. (To be explicit, Lemmagives 7MW = jand
§@ = in_nyo for 2 < a < N.) Choose § minimal such that Fa (i), j(9)
has a non-zero coefficient in v, y) and v maximal such that FA>i, 50))
has a non-zero coefficient in vy ).

Observe that F(i®), i) and F(P(im,jm)) = F(?”fﬁﬂ(i(ﬁ),j(ﬁ)))
both have a non-zero coefficient in v,y in the F' basis. By Lemma
applied to (i(ﬁ),j(ﬁ)), we have 8 = ~, as required. O

Triangularity. It will be useful to denote the content multiset of a semistan-
dard pair (i,7) € I'D(N) x {0,1,..., N} by c(i, j). Given distinct multisets
{a1,...,an4+1} and {b1,...,byy1} written so that a3 < ... < an41 and
b1 <...<bny1, we order them lexicographically so that

{ai,...;any1} <A{b1,...,bny1}

if and only if a; = b1,...,ay-1 = b,—1 and a, < b, where +y is minimal such
that a, # b,. Using this we define a total order = on semistandard pairs.

Definition 2.8. Let < be the total order on semistandard pairs in I9)(N) x
{0,1,...,d} defined by (i,7) < (i’,7') if and only if either c(i,j) < c(i,j)
or c(i,j) =c(’,7) and j > j'.

For example the least element under < is ((O, 1,...,N —1), 0) and the
greatest is ((d —N+1,...,d), d). The final condition j > j is chosen so
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that the chain in (2.11]) is strictly increasing in the < total order. This can
be seen in the following example.

Example 2.9. Take N = 2 and d = 4. The map ¢ takes the canonical basis
element in E ® A*Sym®E element associated to the pair (s, k) and having
weight 9 (in the sense defined before Example to a sum vy i) of canon-
ical basis elements of /\2 Sym*E ® Sym?E each of weight 7. The map ¢,
restricted to this weight space is shown in the matrix below. Each column
contains the coefficients of the image of the element labeled (s, (k1, k2, k3))
on top, corresponding to the elements labeled ((i1,1i2), ) in each row.

The labels ((i1,72),7) correspond to elements Fa((i1,i2),j). They are
totally ordered

((0,3),4) < ((0,4),3) < ((1,2),4) < ((1,4),2) < ((1,3),3) < ((2,3),2)

by <. By Lemma at most one Fa(i,j) of any given content appears
in each column. This can be seen in the two 2 x 2 identity blocks in the
relevant block of the matrix. We deliberately use a non-standard notation
in which - denotes an entry known to be zero by Lemma[2.7 Empty spaces
also denote zeros, showing lower-triangularity in this example.

o~ o~ o~ o~ o~ —
= = = = =

IR R
o™ <t [a\] ™ o el
S )
2efed e

((0,3),4) /1

((0,4),3) 1

((1,2),4)]0 0 1

(1,49,2) 1 1 1

(1,3),3)|1 0 1 1 1

((2,3,2)\1 0 0 1 1 1

The uni-triangularity seen in the previous example holds more generally,
as the following proposition shows.

Proposition 2.10. Let (i,j) € ID(N) x {0,1,...,d} be semistandard. Let
a be maximal such that i, < j. Setk = (i1,...,%0,j+1,la+1+1,...,in+1).
Then
Va-1k) = Fa(i,j) +v

where v is a linear combination of basis elements Fa(1,j") for semistandard
(', 5") such that (i',5") = (i,7). Moreover, the correspondence between pairs
(a—1,k) and semistandard pairs (i,j) is one-to-one, so the vectors v(a_1 x)
are linearly independent.

Proof. We first show that we may recover the pair (i,7) from « and k. We
have j = kq4+1 — 1. On the other hand,

i1 =k1,. . ia=ka,ias1 =kasa —1,... iy =kni1 — 1 (2.12)
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This also shows that i € B(k). Since the quantity s + |k| — N — |i| in the
definition of ¢ in (1.8) is

(a—1)+kl-N—-lil=(a—1)+(i|l + N—a+j+1)—N—|i|=j.

by (L.8), we have that F'(i, j) has coefficient 1 in the expression of v(q_1 k)
in the F basis. Moreover, we have

P, j) = ((1, - yia—1, Jrlat1s- - 0N),ia)

and since ko = iq < j = kot1—1, we also have (i1, ... ,90—1,J, lat1s---,iN) €
B(k). Therefore F(P(i,j)) has coefficient 1 in the expression of v(,_1 k) in
the F' basis. It follows by Lemma that Fa(i, j) has coefficient 1 when
U(a—1k) 18 written in the Fa basis, and the remaining summands in the Fa
basis have different content to (i, 7).

Let Fa(1', j') be one of these summands with non-zero coefficient in V(a—1k)-
By Lemma 2.6 . we see that F'(i’,j') and possibly F(P(i’,j’)) are the only
F-basis elements of content ¢(i’, j') with non-zero coefficient in Via—1k)- It
follows that i € B(k).

Suppose for contradiction that (i’,7’) satisfies (i,5") < (i,7), or equiva-
lently, since c(i', j') # ¢(i, 7), that ¢(i', ') < c(i, 7). Let

Cc = (Cl,... CN+1) = (7;1,...,ia,j,ia+1,...,iN)
C,:(Cll,.. CN+1) (21,...,ilﬁ,j,7’l’/ﬁ+1,...,ii]\[)

where 3 is maximal such that ij; < j'. Thus both ¢ and ¢’ are (weakly)
increasing.

Suppose first of all that @ < 5. From we have i, =k, if 1 <y <«
and by definition of k, we have ko141 = j + 1. Thus i’ € B(k) implies that

c’vzi’v2k7:i7207f0r1§'y§aandc’a+1:i’a+1Zkaﬂzj—i—l. Since

we are assuming that c(i’, j) < c(i, j), we must have ¢/, = ¢, for 1 <y < a.
However, ¢, ; > j+ 1> j = caq1. Thus c(i’, ') > c(i, j), a contradiction.
In the remaining case we have o > . Similarly to the first case, we have

c > ky =iy = ¢, for 1 < < 3, and thus our assumption that

/
i
gl v =
c(f’,j') < c(i,j) implies that ¢/, = ¢, for 1 <+ < B and ¢, < cgi1. Since
(i,7) and (i, 7') lie in the same welght space, we have |i|+j = |i'| + . Since

c(i, j) #c(i,5") and |i|+j = |i'|+7’, there exists § such that +2 < § < N+1
and c§ > ¢s. Now, since 6 >  + 2, we have ¢§ = i§_,. In turn, i’ € B(k)
implies i§_, < ks. By definition of k, we also have k, € {c,,c, + 1} for
1 <y < N+ 1. In particular, ks < ¢s + 1. Putting all these together, we
have

cs=15_1 <hks<cs+1
and hence ¢§ < ¢;, a final contradiction.

Therefore, any Fa(i,j') appearing with non-zero coefficient in the ex-
pression of v(,_1 k) in the Fa basis satisfies (i, j') = (i, j), as required. O
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The matrix representing ¢ in the basis v(,_1 k) of the domain SymV 1 E®
AV Sym® 1 E and the basis Fa(i, j) is therefore uni-triangular when the
two bases are paired by the one-to-one correspondence established in Propo-
sition In particular, ¢ is injective. This concludes the proof of Theo-
rem [L11

3. FINAL REMARKS

In this section we first show that the SLy(F) isomorphism in Theorem 1.1
becomes a GLgy(IF)-isomorphism provided a suitable power of the determi-
nant is introduced. (This is typical of the general theory: see [PW21l §3.3].)
We then obtain identity by taking characters. We finish with a con-
jectured generalization of Theorem [I.1

We denote the 1-dimensional determinant representation of GLo(F) by det
and regard the domain and codomain of ¢ as representations of GLy(F) in
the obvious way.

Corollary 3.1. Let N € N and let d € Ng. The map ¢ defined in Defini-
tion is an isomorphism of GLo(TF)-representations

N+1
SymV'E® /\ Sym™E =~ detV ® A@YT Sym?E.

Proof. Let K be the algebraic closure of F. Let E=F ®r K. It is sufficient
to prove that the map

Q: SymN_1E' ® Sym™¥ ! SydeE — detV @ AT Syde

is a GLg(K)-isomorphism, since ¢ is defined with coefficients in the prime
subfield of F, and so via the inclusion £ — F® 1 C F ®p K, the map ¢
restricts to ¢. By Theorem for the field K, the map ¢ is an SLa(K)-
homomorphism. Now, because K is algebraically closed, and so every ele-
ment of K has a square root in K, we have

CLy(K) = <SL2(K), (g‘ 2) cae K\{O}> .

It therefore suffices to prove that ¢ commutes with the action of the diag-

onal matrices ol for « € K. Using the canonical bases of the domain and
N—1+(N+1)(d+1)

codomain of ¢, one sees that on the domain ol acts as «
aNFDA2N and on the codomain af acts as aN T4 det(al)N = a(NTDda2N,

Since the exponents agree, this completes the proof. O

We now prove identity . Recall that sy is the Schur function canon-
ically labelled by the partition A. It is immediate from the combinato-
rial definition of Schur functions (see for instance [S99, Definition 7.10.1])
that s)\(l,q,...,qd) is the generating function enumerating semistandard
tableaux of shape A with entries from {0, 1,...,d} by their sum of entries.
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This gives a combinatorial interpretation of the right-hand side in
and in Corollary below. One of the most natural interpretations of
the g-binomial coefficient [Z]q is that qb(bT_l) [Z]q is the generating function
enumerating b-subsets of {0,...,a — 1} by their sum of entries. Thus, by
identifying semistandard tableaux of shape (1V*!) with the subset of their
entries, we deduce that

@+HN [d + 2}

q =
N+1q

sav+ny (1, g, ... g%, (3.1)

For further background on g¢-binomial coefficients, including the theorem
that [ZL] . is the generating function enumerating partitions in the b x (a — b)
box by their size, we refer the reader to [S11], §1.7].

Corollary 3.2. For any N € N and d € Ny we have

N(N-1) d+2 d
q 2 N |:N—|—1:| ( 2 1N— 1)(1 q,...,q )

Proof. 1t suffices to prove the identity when ¢ is a non-zero complex number.
It is clear from the canonical basis XV—1, XN-1y, . YN-1 of SymV~'F
that [N]; = 1+ ¢+ -+ + ¢~ ! is the character of SymV~1E evaluated at
the diagonal matrix D in GL2(C) with entries 1 and ¢. By [PW21], (10)],
sanv+1y(L,q, .., any
GLy(C)-representations AN Sym ' E and A1) Sym?E, also evalu-
ated at D. Therefore, by ., the character of Sym™ " 'E® /\NJrl Symét'E

evaluated at D is [N], ¢(N+1N/2 [d+2] But in Corollary-we showed that
(2,1N-

and 8(271N_1)(1,q,...,qd) are the characters of the

this representation is isomorphic to detN ®A VE. Hence, equating the

character values we obtain

N+ON [ d + 2 N d
eq 2 [ ] =q"sgiv-1(1,q,...,¢%).
N +1 g

The result follows by cancelling ¢"V from each side. O

Our main result, Theorem is the special case when M = 2 of the
following conjecture.

Conjecture 3.3. Let M, N € N. There is an isomorphism of SLa(F)-
representations

M-1 M+N-1
N-1
/\ SymM TV SBE @ /\ SymMHi—lp =~ AMIT) gy

If M =1, then the first factor is F and since A0y = /\N V', both sides
in the claimed isomorphism are /\N Sym?E. If N =1 then since Sym" —2E
is (M — 1)-dimensional, and so A~ Sym™—2FE is the determinant repre-
sentation of SLo(F), which is trivial, and AMV = Sym,, V, the claimed
isomorphism is /\M SymMF41E =~ Sym M Sym?E. An explicit isomorphism
from the right-hand side to the left-hand side is given by Theorem 1.4 in
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[McDW22]. More broadly, it would be interesting to have field-independent
results on the endomorphism rings of the two sides in Conjecture [3.3
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