MODULAR PLETHYSTIC ISOMORPHISMS FOR
TWO-DIMENSIONAL LINEAR GROUPS

EOGHAN MCDOWELL AND MARK WILDON

ABSTRACT. Let E be the natural representation of the special linear
group SL2(K) over an arbitrary field K. We use the two dual con-
structions of the symmetric power when K has prime characteristic
to construct an explicit isomorphism SymmSymeE =~ Sym,Sym™E.
This generalises Hermite reciprocity to arbitrary fields. We prove a
similar explicit generalisation of the classical Wronskian isomorphism,
namely SymmSysz ~ A™ Sym ™™ 1E. We also generalise a result
first proved by King, by showing that if V> is the Schur functor for the
partition X\ and \° is the complement of \ in a rectangle with £+ 1 rows,
then V*Sym‘E = VAOSymL,E. To illustrate that the existence of such
‘plethystic isomorphisms’ is far from obvious, we end by proving that
the generalisation V*Sym‘FE = V)‘/Sym“'e()‘/)_z()‘)E of the Wronskian
isomorphism, known to hold for a large class of partitions over the com-
plex field, does not generalise to fields of prime characteristic, even after

considering all possible dualities.

1. INTRODUCTION

Let E be the natural 2-dimensional representation of the special linear
group SLg(C) of 2 x 2 complex matrices with determinant 1. The classical
Hermite reciprocity law, discovered by Cayley, Hermite and Sylvester in the
setting of invariant theory, states that

Sym™ Sym‘F 2 Sym’ Sym™E

for all m, £ € N (see [FH91l, Exercise 6.18]). A related classical result is the

Wronskian isomorphism
Sym™ Sym‘E = \™ Sym " 'E

again for m, ¢ € N (see for instance [ACOT, §2.4]). More recently King
[Kin85, §4.2] used the character theory of SUy to prove that, if A is a parti-
tion, V* is the corresponding Schur functor (defined in §2.1| below), and A°
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is the complement of A in a rectangle with ¢+ 1 rows, then
VA Sym‘E = v Sym‘E.

In this paper we construct explicit isomorphisms showing that provided suit-
able dualities are introduced each of these results holds when C is replaced
with an arbitrary field. To illustrate that the existence of such ‘plethystic
isomorphisms’ is far from obvious, we end by proving that the generalization
VA Sym‘FE =~ vy Sym”@()‘/)*e()‘) E of the Wronskian isomorphism, shown to
hold for a large class of partitions by King in [Kin85l §4.2], does not have a
modular analogue, even after considering all possible dualities.

To state our main results it is essential to distinguish between the two
dual constructions of the symmetric power. Let K be a field. Given a K-
vector space V and r € N, the symmetric group S, acts on V& on the right
by linear extension of the place permutation action (v ® -+ ® v,) - 0 =
Vig—1 ® -+ @ Vpg—1. Let Sym, V = (VE)5 be the invariants for this action
and let Sym” V' be the coinvariants. Thus

yer
(w-oc—w | weVe® oesS, )k

(1.1) Sym"V =

is the symmetric power as usually defined. Let A"V be the exterior power,
defined by quotienting V®" instead by the submodule generated by the
fixed points of transpositions in S,. We write detV = /\dimv V for the
1-dimensional determinant representation corresponding to V.

Complementary partition isomorphism. Our first main result gives an iso-
morphism for representations of an arbitrary group.

Theorem 1.2 (Complementary partition isomorphism). Let G be a group
and let V be a d-dimensional representation of G over an arbitrary field.
Let s € N, and let X be a partition with {(\) < d and first part at most s.
Let \° denote the complement of A in the d X s rectangle. Then there is an
isomorphism

VAV 2 VMV* @ (det V)®.
Our map, described in is explicit, and sends a canonical

basis element labelled by a tableau to a canonical basis element labelled by
a ‘complementary’ tableau.

Two interesting special cases of this theorem are that \*V /\d_s V=
and V(@d=1. 1)y o g(dd=1..)\/* whenever det V is trivial. This assump-
tion on the determinant is not very restrictive: for instance it holds when-
ever V is obtained by restricting a polynomial representation of GLy(K) to
a subgroup of SLy(K). For example we obtain an explicit
isomorphism A’Sym‘t™~'E =~ A™Sym, +m_1L, where E is the natural

representation of SLo(K). More generally, we obtain from [Theorem 1.2| the
following plethystic isomorphism.
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Corollary 1.3. Let ¢, s € Ny, and let A be a partition with £(A\) < £+1 and
first part at most s. Let \° denote the complement of \ in the (£ +1) X s
rectangle. Let K be a field and let E be the natural 2-dimensional represen-
tation of SLa(K). Then there is an isomorphism

VA SymE =~ V*° Sym,E.

Wronskian isomorphism. Our second main theorem is an explicitly defined
Wronskian isomorphism that again holds in arbitrary characteristic. Let
{X,Y} be the canonical basis for the natural representation E.

Theorem 1.4 (Modular Wronskian isomorphism). Let m, £ € N. Let K
be a field and let E be the natural 2-dimensional representation of GLa(K).
There is an isomorphism of GLa(K)-representations

Sym,, Sym‘E @ (det B)&mm=1/2 >~ Am gymtm=1p
given by restriction of the K-linear map (Sym‘ E)®™ — A" Sym‘*™~1E
defined on the canonical basis of (Sym® E)®™ by
Xayl-igxizyt-izg ... gxinyt—in
 Xitmely i p e dme 2y et LA A iy i,

We note that Section 3.4 of [AP19], published after this work was begun,
proves a related isomorphism Sym™ Sym,E = A’Sym*™ 'E of SLy(K)
representations. This is equivalent to the existence of the isomorphism in

[Theorem 1.4} using|Corollary 3.3|(a more basic result, stated also in [AP19]),
the codomain A’ Sym‘t™ 1 E is isomorphic to A™(Sym’* ! E)* and hence

by (another basic result) to (A Sym‘*™~! E)*, the dual of our

right-hand side; meanwhile by [Proposition 2.11|and |Lemma 2.12] the domain

Sym™ Sym, E is isomorphic to (Sym,, Sym’ E)*, the dual of our left-hand
side. The isomorphism in [AP19] is constructed indirectly using maps into,
and out of, the ring of symmetric functions; the proof that it is SLo(K)-
invariant requires Pieri’s rule and a somewhat intricate inductive argument.
By contrast our isomorphism ¢ has a simple one-line definition and a direct
proof that it is GLy(K)-invariant. We therefore believe that our approach
is well worth recording.

Hermite reciprocity. Composing our Wronskian isomorphism with a special
case ((Corollary 3.3)) of the complementary partition isomorphism, we obtain
the following modular version of Hermite reciprocity. This result is obtained,
without an explicit description of the maps, in a similar manner in [AP19]

Remark 3.2]; we illustrate our explicit map in [Example 5.1| and then make
a connection with Foulkes’ Conjecture.

Corollary 1.5 (Modular Hermite reciprocity). Let m, £ € N and let E be
the natural 2-dimensional representation of GLa(K). Then

Sym,, Sym‘FE =~ Sym* Sym,, E.
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It is well known (see [Proposition 6.10) that when K has characteristic p

and m < p—1, the functors Sym,,, and Sym"" are naturally isomorphic. Thus

Corollary 1.5 implies that Sym™ Sym’E = Sym’Sym™FE when m < p — 1.

This special case of the corollary was first proved by Kouwenhoven [Kou90b,
pp. 1699-1700], where it is also shown that Sym?” Sym‘E 2 Sym’ SymPF if
p < ¢ < p(p—1). In[Proposition 6.12| we give, for each prime p, infinitely

many examples of such non-isomorphisms, considering all combinations of
the upper and lower symmetric powers. Thus our work shows that
ary 1.5|is the unique modular generalization of Hermite reciprocity.

Obstructions to the conjugate partition isomorphism. Another classical re-
sult, due to King [Kin85l §4.2] (reproved as the main theorem in [CP16] and
proved in a stronger version in [PW21 Theorem 1.5)), is that the representa-
tions V(@11 Sym™te B and VL") Sym™+P E of SLy(C) are isomorphic
for all m € Ng. By our final theorem, proved using the new modular in-
variant introduced in this isomorphism has, in general, no
modular analogue, even after considering all possible dualities. Let A* de-
note the dual of the Schur functor V*, as defined in below.

Theorem 1.6. Let o, 5, ¢ € N with o < 8 < e. If K has characteristic p
and | K| > 142(p°+p°) (p*+p°+1)—p*(p®+1), then the eight representations
of SLa(K) obtained from AP +1177) SymP tP’E by any combination of
(i) replacing A with V,
(ii) replacing Sym™ with Sym_,
(iii) swapping a and B,
are pairwise non-isomorphic.

Ezisting results. We emphasise that while much is known about tensor prod-
ucts of the symmetric powers Sym‘E of SLo(K) and the related projective
and tilting modules when K has prime characteristic (see [EH02], [Kou90a],
[McD21]), their modular behaviour under Schur functors is far less studied.

As already noted, [AP19] gives an alternative, less explicit, version of the
Wronskian isomorphism and deduces Hermite reciprocity; this is used to
study Koszul cohomology in positive characteristic. The only other relevant
results are in [Kou90b] on symmetric and exterior powers of the irreducible
representations of GLg(F,). Kouwenhoven’s strongest results, see for in-
stance his Proposition 2.3, are for the exterior powers A" Sym’E when
m < p; typically they are stated only up to projective summands.

Our five main results give new explicit isomorphisms over fields of arbi-
trary characteristic. The existence of such isomorphisms for the complex
field can be proved using the character theory of GL2(C) and the plethysm
product on symmetric functions (see [PW21] for a comprehensive account),
hence the term ‘modular plethystic isomorphism’ in our title. We believe
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these explicit isomorphisms merit further study, even over fields of charac-
teristic zero.

Outline. In §2.1] we recall the construction of Schur functors, using the con-
struction from [dBPW18|: we expect this will be background for most read-
ers, although the presentation by generators and relations may be less fa-
miliar. In §2.2| we give a unified treatment of some background results on
duality which, while known to experts, have to be pieced together from

the literature. In §3] we prove and deduce In
g4 we prove In the short §5] we apply these results to prove
We end in §6] by proving We remark that

are, for the most part, logically independent (each section relying only on
the background in §2| and at most the isomorphisms proved in the previous
sections).

Reduction to the special linear group. We have stated and
Corollary 1.5| for the general linear group GL2(K). When K is an alge-

braically closed field, these results are isomorphisms between polynomial
representations of equal degree, and so the results for GLa(K) follow from
those for SLo(K): when all elements in K are squares, GLa(K) is generated
by SL2(K) and the scalar matrices, and scalar matrices have identical ac-
tions on polynomial representations of equal degree. Once established over
algebraically closed fields, restricting to subgroups yields the results for all
fields. Thus it will suffice to work over SLa(K).

2. BACKGROUND ON SCHUR FUNCTORS AND DUALITY

In this section we generalise the multilinear constructions seen in the
introduction by defining Schur functors and their duals. Throughout let G
be a group and let V' be a left KG-module.

2.1. Schur functors. We define a partition to be a weakly decreasing se-
quence of natural numbers; the entries are called its parts. The length
of a partition, already denoted ¢(\) above, is the number of its parts.
The conjugate of a partition A, already denoted )\ above, is defined by
Ay =max{i : A\; > j} for j € {1,...,a}, where a is the largest part of \.

Young diagrams and tableauz. Fix a partition (A1,..., ;). The Young dia-
gram of A, denoted [A], is {(¢,7) : 1 <i <k, 1 <75 < N} We refer to its
elements as bores. Let colj[A] = {(i,7) : 1 <i < A}} be the set of boxes in
column j of [A]. A A-tableau with entries from a subset B of Ny is a function
t: [\] = B. We represent partitions and tableaux in the ‘English’ conven-
tion: for example the Young diagram of (3,2) and three (3,2)-tableaux are
shown below.

| [2]1[3] [1]2]3] [1]2]2]
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A tableaux whose rows are weakly increasing when read left-to-right is called
row semistandard; a tableaux whose columns are strictly increasing when
read top-to-bottom is called column standard. A semistandard tableau is one
which is both row semistandard and column standard. Thus the tableaux
above are respectively column standard, row semistandard and semistan-
dard. We denote the sets of column standard and semistandard A-tableaux
with entries from B by CSYTg(A) and SSYTg(A), respectively.

Partition-labelled symmetric and exterior powers. Fix a basis {v; : i € B}
for V. We have already defined Sym” V and A"V as quotients of V®". Let
Uy ... U and up A --- A u,. denote the images of u1 ® -+ ® u, in Sym" V'

and /\" V, respectively. Observe that Sym” V' and A" have bases
(21) {Uil'...-UiT:ilg...gir},
' {vi, N\ Awg, i <L <ldp)

where i; € B for each j.

Let Sym*V = Sym™ V @ --- @ Sym™ V and let ANV = ANV - ®
/\)‘11 V, where a = A; is the largest part of A. Observe that Sym*V has a
basis indexed by row semistandard A-tableaux and /\)‘/V has a basis indexed
by column standard M-tableaux. Let [t| € /\)‘IV be the canonical basis
element corresponding to the column standard A-tableau ¢. For instance,
if ¢ is the semistandard tableau above then |t| = (v1 A v3) ® (v2 A v3) @ va.
We say that || is a column tabloid.

Place permutation action. The symmetric group on [A], denoted S acts on
A-tableaux by place permutation. Given o € [A] and a A-tableau ¢, we define
t-o by (t-0)(i,j) = t((i,j)o~"). Thus the entry of ¢ in box (i, ) is found in
to in box (7, j)o. Let CPP()) be the subgroup of Spy) of permutations that
permute amongst themselves the boxes in each column of [)].

Construction of Schur functors. Let t be a A-tableau with entries from B.
Define a canonical basis element s(t) € Sym* V' by s(t) = ®f(:’\1) Hg\’zl V(i)
and define e(t) € Sym* V by

e(t)= Y sen(o)s(t-o).

oceCPP())

For example, if ¢ is the semistandard (3, 2)-tableau above then
e(t) = v1v3 @ VE — v1vU3 ® VaU3 — VU3 ® V1U3 + VV3 @ V1Vs.

Definition 2.2. Define VAV to be the subspace of Sym* V spanned by all
e(t) for t a A-tableau with entries from B.

It is clear that it suffices to consider column standard A-tableaux when
defining VAV Indeed, if 7 € CPP()) and ¢ is a A-tableau then

(2.3) e(t-7)=sgn(r)e(t),
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and furthermore e(t) = 0 if ¢ has a repeated entry in a column. (If the
characteristic is not 2, this second fact follows immediately from ; for
a characteristic-free proof, observe there exists a transposition 7 € CPP())
which fixes ¢, and partition CPP(A) into pairs {0, 70} of permutations whose
contributions to the sum cancel.)

By the following well-known result, an even smaller set of A\-tableaux
suffices to construct VAV.

Proposition 2.4 ([ABPWIS| Proposition 2.11]). The set
{e(t) : t € SSYT4(\)}
is a K-basis of VMV .

Since the right place permutation of CPP()) on tableaux induces an ac-
tion on Sym*V that commutes with the left action of G, each V*V is a
K(G-submodule. For the same reason, given a homomorphism V' — W of
KG-modules there is a corresponding homomorphism VAV — VAW. We
say that V* is the Schur functor for the partition M.

Example 2.5. To illustrate a practical method for computing the action
of GG, which we use in below, suppose that V' = (vj,v9,v3)x and that
g € G has action given by gv; = v1 + avs, gus = v9, gug = Svy + v3. Then

so(faa) = (s totmmrm— )

([T - se D) - e EEP) + ose( [TPP)

where the first line should be interpreted purely formally as indicating a

wnNo

multilinear expansion.

When V = E is the natural representation of GL,(K), the K GL,(K)-
modules VAE are, as noted in [{IBPW1IS8, Remark 2.16], isomorphic to the
modules constructed by James in [Jam78, Ch. 26], and hence also to those
constructed by Green in [EGS08|, Ch. 4], and, when the field is the complex
numbers, by Fulton in [Ful97, §8]. These modules are commonly called dual
Weyl modules.

It is immediate from [Definition 2.2| that V"V 2 Sym” V; a short calcu-

lation using (2.3 (indicated in [EGSO08, §4.4]; see also below)
shows that VIV = A" V.

Garnir relations. In §3|it it most useful to describe VAV instead by genera-
tors and relations. Recall that col;[A] is the set of boxes in column j of the
Young diagram [\].

Definition 2.6. Let ¢ be a column standard A-tableau with entries from B.
Let 1 < j < k < A and let A C col;[A\] and B C coliy[A] be such that
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|A] 4+ [B| > X;. Choose S a set of coset representatives for the left cosets
o(SaxSp)of Sy xSpin Sy,p. The Garnir relation labelled by (¢, A, B) is

Ryap = Y |t olsgn(o).

oS
Let GRMV) C /\XV denote the subspace spanned by the Garnir relations.

It is easily checked that the summand |t - 0| sgn(o) depends only on the
coset containing o, and so R 4 p) is well-defined.

Proposition 2.7. The surjective K G-homomorphism /\’\IV — VAV defined
by |t| — e(t) has kernel GRMNV).

Proof. In [dBPW18], the proof of Lemma 2.4 and the following remark show
that if S is a set of coset representatives defining a Garnir relation then
Y rese(u-1)sgn(r) = 0 for any A-tableau u. The statements there concern
a distinguished set of Garnir relations (called snake relations), but the ar-
gument given applies equally well to any Garnir relation. Thus GRA(V) is
contained in the kernel.

It then suffices to show that the kernel is spanned by Garnir relations.
Indeed, suppose k = ZteCSYT( N ay|t] is an element of the kernel. Analo-
gously to the proof of Corollary 2.6 in [dBPW18], we can use the Garnir
relations to rewrite this as a sum over semistandard tableaux; that is, there
exists a linear combination € € GR(V) of Garnir relations such that

K+e= Z Bs|s]

SESSYT(N)

for some coefficients §; € K. Applying the surjection to this equation gives
0= Z Bse(s).

SESSYT(N)
But the semistandard polytabloids are K-linearly independent by
so Bs = 0 for all 5. Hence k = —e € GRA(V), as required. O
Another consequence of the arguments in the proof of [Proposition 2.7

stated as Corollary 2.6 in [dBPWIS], is that the Garnir relations may be
used to express any e(t) as a linear combination of e(s) for semistandard

tableaux s. For example, we may rewrite the non-semistandard tableaux

from [Example 2.5 using the relation for A = {(2,1)}, B ={(1,2),(2,2)} as

follows:

() -
X
X

2] (2,1) (1,2)))+e(;’ ; 2l (2,1) (2,2)))
1) +e(i512)

2|>.

2O =| == |eof—

Wl INd[W] (DN =
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We record that certain Garnir relations can be disregarded.

Lemma 2.8. Let A, B be sets of bozes as in[Definition 2.6. Suppose that t
is a tableau such that t(A) Nt(B) # @. Then Ry 4 5y = 0.

Proof. Suppose that t has the same entry in box a € A and box b € B;
let 7 = (a b) € Saup. Then 7 acts on the left cosets of Sy x Sp in Sa.B
by left multiplication. Choose a set S of coset representatives such that the
representatives of cosets in each orbit of size 2 are o and 70 for some o € Sy;.

If o € Sp is any permutation, then ¢-70 = t-0. In particular if {0, 70} C
S are the representatives of cosets in an orbit of size 2, then |t - 70| = |t - 0|
and sgn(7o) = —sgn(o), and hence the contributions to the Garnir relation
R 4, ) from these representatives cancel.

If 0 € S is the representative of a coset in an orbit of size 1, then o~ '70 €
Sa x Sgp C CPP()), and so the boxes ac and aro = bo lie in the same
column. But (¢-0)(ac) = t(a) = t(b) = (t-0)(bo), so t - o has a repeated
entry in a column. Thus e(t- o) = 0 and the contribution to the Garnir
relation R(; 4 p) from this orbit is zero. O

2.2. Duality. The dual module to V', denoted V*, is the K-vector space V*
with G-action defined by (g6)(v) = (g~ 'v) for 6 € V*, v € V, and g € G.
A standard calculation shows that if py(g) is the matrix representing the
action of g on V' with respect to the chosen basis {v; : i € B} then the matrix
representing the action of g on V* with respect to the dual basis {v} : i € B}
is pv(g~1)t, where t denotes matrix transpose. Thus py+(g) = py (g~ 1"
In this paper we also need a further notion of duality, defined for instance

in [EGS08, (2.8a)].

Definition 2.9. Let G be a subgroup of GL,(K) which is closed un-
der matrix transposition and let V be a KG-module. The contravariant
dual of V', denoted V°, is the K-vector space V* with G-action defined by

(99)(v) = 0(g"v).

Another standard calculation shows that pyo(g) = py(g*)t. Therefore
contravariant duality preserves polynomial modules: if the matrix entries
in py(g) are polynomials in the entries of G then so are the matrix entries

in py(g")".
Definition 2.10. Let A be a partition. We define
AV = (VA V)
In we give a more explicit construction of these modules.

Proposition 2.11. Let X\ be a partition and let G be a matrix group closed
under transposition. Then ANV = (VAN(V°))°. In particular, if V is poly-
nomial then so is AV .



10 MODULAR PLETHYSTIC ISOMORPHISMS

Proof. By our definition, A*V is represented by the homomorphism paay
where
parv(g) = PVA(V*)(Q_I)t-
Let n = dimV and let E be the natural representation of GL,(K). Then
pory = porppy (this follows from the action of g on VAV being given pre-
cisely by acting by py(g) within each box), and so
1t t t
parv(9) = (porpeve(97)" = (porelev(9)) = (pvrppve(g")

which equals p(gaye)(g) by the same token. O

Thus A generalises to arbitrary group representations the construction in
[EGS08), Ch. 5]: writing E for the natural n-dimensional K GL,, (K )-module,
it is immediate from the definition of contravariant duality that F° = FE,
and hence that A*E = (VAE)°. The examples in [EGS08, §5.2] show that
AMWE = Sym, E and AYE = A" E, and hence that A") = Sym, and
A = A" (using as in the proof of [Proposition 2.11| that for any KG-
module V, the action of g € G on V*V is determined by the action of py (g)
on VAE).

Rearranging the duality in these examples, we see that (Sym” V)* =

Sym, V* and (A"V)* 2 A"V*. In we make the second iso-

morphism explicit. By |[Proposition 2.11] the same isomorphisms hold with

duality replaced with contravariant duality.
In our proofs we typically work with the special linear group SLo(K), for
which it is important that the two notions of duality coincide.

Lemma 2.12. Suppose G = SLy(K). Then V* = V°.

Proof. Let J = (_01 (1)) € SLa(k). It is simple to verify that for any matrix
g € SLa(k), we have Jg~1J~! = g*. Then Y = py (J~!)! satisfies

Ypv-(9)Y " = pv(J ) v (g7 ) pv(J)*
= (ov(Dpv(g Hpv (I ™)
= (pv(Jg~'T )"
=pv(g")*

and since py-(g) = pyv(g')*, the proposition follows. O

3. COMPLEMENTARY PARTITION ISOMORPHISM

(PROOF OF [THEOREM 1.2)

This section proves the following theorem and its corollaries.

Theorem 1.2 (Complementary partition isomorphism). Let G be a group
and let V' be a d-dimensional representation of G over an arbitrary field.
Let s € N, and let A be a partition with £(\) < d and first part at most s.
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Let X° denote the complement of A in the d x s rectangle. Then there is an
isomorphism
VAV = VNV @ (det V)®*

Our proof has four steps. In the first step we construct an explicit isomor-
phism A"V = A®" V* @ det V; this proves the theorem when A = (17). In
the second step we define (writing A*" for (A°)’) the induced isomorphism

U ANV AN V@ det VES,

In the third step we prove a technical result on the permutations column
standardising a tableau, in order to identify the image of column non-
standard tabloids under this map. Finally in the fourth step we use this
result and further arguments to show that the image under ¥ of the KG-
submodule GR*(V) of Garnir relations is contained in GR** (V*)®(det V)5,

This easily implies

3.1. First step: exterior powers. Fix a basis {v1,...,v4} of V, and let

{vT,...,v}} be the dual basis of V*. Let {(vj; A---Av;,)* 1 1<ip <...<

ir < d} be the basis of (A" V)* dual to the basis {v; A~ Av;, 1 1 <41 <
<, <d}of \N"V.

Lemma 3.1. There is an isomorphism (\"V)* =2 N\" V* defined by
(Viy A== ANvg, )" = v A AUEL

Proof. Let py be the homomorphism representing the action on V with
respect to the given basis, and likewise for the other relevant modules. Let
g € G, and for convenience write R = py(g); thus R™! = py(g7!). The
entry of pary(g) in row (j1,...,J,) and column (iy,...,%,) is the coefficient
of vj; A--- Awj. in gv;; A--- A gv;,., namely
p/\TV( )(31, o)y (8150 Z Sgn jlmll : "ij,ir'
oES,

Therefore the action of g on (A" V)* is given by

PN VY (D) Gt ds(itssin) = PATV G ) i) (o)
= Z Sgn( )Rhi g1 .R’L'_riyjr

O'EST
while on A" V* it is given by
PA" V*( )(31, o Jr )y (81508 Z Sgn pV* )]m,il A 4% (g)jm,ir
oES)
= 1 .. _1
- Z Sgn( )Rll ]10 Rir,jra'
ocESy
. 1 1 . .
Using Rl1 RRE RZT o le_hJl R e and reindexing the sum shows

that the two matrices p(Ary)«(g) and pary+(g) are equal, as required. [
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We now use to construct an explicit isomorphism ¢: A"V =
ATTVE @ det V.

Let II C S; be the set of permutations of {1,...,d} which preserve the
relative orders within each subset {1,...,r} and {r+1,...,d}; thatis,oc € II
if and only if 10 < ... < ro and (r+ 1)o < ... < do. Then we can write
the standard basis of A"V as {vig A - Avye : 0 € 11},

Let v: A"V — AT V* be the K-linear bijection defined by

V(v A+ AUrg) = SgN(O)V( 1 1)p A AV,

for any o € 11, and hence any o € Sy.

Proposition 3.2. Regarded as a map \"V — /\d_r V*®detV, the K-
linear isomorphism v is a KG-isomorphism.

Proof. Let € = (v1 A---Avg)* be the unique element of the canonical basis of
( /\d V)*. Our strategy is to show that v is the image of € under a sequence
of G-equivariant maps. Assuming this is done, since (A V)* 2 (det V)1,
for each g € G and x € \" V we have (g-¢)(x) = (det g~1)1b(x), as required.

In the following steps we apply the comultiplication map (/\d V) —
(N"V & A" V)* to e, using the canonical bases just introduced; com-
pose with the standard isomorphism (U ® W)* = U* ® W*; and then apply

the isomorphism from on the right-hand factor:
€ Z sgn(0)(Vig A+ AUre @ V(py1)e Ao AVdg)”

oell

> Z sgn(0) (Ve A AUre)* @ (Vg1)o A AVdo)”
oell

> Z sgn(0) (Vi A+ Are) @ V(y1yp Ao A VG,
oell

Finally we apply the standard isomorphism U* @ W = Hompg (U, W) to
obtain the K-linear isomorphism

Vig A -+ A\ Upg — sgn(a)vfrﬂ)a A ANvy,
which is precisely the map . U

As an immediate application we obtain a corollary for two-dimensional
linear groups mentioned in the introduction.

Corollary 3.3. Let £, m € N and let E be the natural 2-dimensional repre-
sentation of GLo(K). Then

A Sym“ Mt E = A™ Sym,, . E ® (det E)®3(t=m)(tm-1),

Proof. The representations in the statement are polynomial of equal degree
(6 + m — 1), so, using the argument from the end of the introduction,
it suffices to show the isomorphism after restriction to SLg(K). In this
setting, det V' is trivial for any polynomial representation V. Thus taking
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G =SLy(K),r ={,d =f+mand V = Sym**™~1 E in[Proposition 3.2 gives
that 1 is an SLy(K)-isomorphism A’Sym‘ ™™ 'E =~ A™(Sym‘ ™" 'E)*.
But (Sym ™ ! E)* = Sym, +m—1E" as noted in the discussion following
[Proposition 2.11) and E* = E over SLy(K) by It follows
that there is an SLg(K)-isomorphism A’Sym‘*™ 1 E = \™ Symy,, 1 FE,
as required. O

3.2. Second step: definition of W. For each j € {1,...,s}, let j° =
s + 1 — j and observe that column j° of A° has length d — )\;-, where we
set )\;- = 0 if j exceeds the greatest part of \. Given a column standard
A-tableau with entries from {1,...,d}, let t° be the column standard A\°-
tableau whose entries in column j° are the complement in {1,...,d} of the
entries of ¢ in column j. Clearly t — t° is a bijection.

Recall from E that the column tabloid |¢| € /\XV is the canonical basis
element corresponding to the column standard A-tableau ¢ with entries in B.
For such a tableau, define the surplus of t to be S(t) = >_; ;e (1(4, 5) — 1)

Definition 3.4. Let U: /\)‘IV — /\)‘O/ V* be the K-linear isomorphism
defined by
U([t]) = (15|

for t a column standard A-tableau with entries from {1,...,d}.

For example, if d = 3, s = 4 and A\ = (3,1) with Young diagram H:D,

then \° = (4,3,1) with Young diagram I I l. Ift= , then S(t) =
0+0+1+0=1and -
1[1]2]3]
\I/(‘ 1 1|2|‘):—‘ 51313
2] 3

When we apply the map 9 from to each column of a tableau, the
product of the signs is given by the surplus of the tableau. This follows
from the lemma below. Recall that for r € {1,...,d}, the set II C Sy is
the subset of permutations preserving the relative orders of {1,...,r} and
{r+1,...,d}.

Lemma 3.5. Let 0 € II C S;. Then sgn(o) = (—=1)%9), where s(o) =
—3r(r+1)+ Y1 io.

Proof. We induct on the number of inversions of o, i.e. pairs (j, k) with
1<j<k<dandjo > ko. If o is the identity permutation then o
has no inversions and s(o) = 0, establishing the base case. If o is not the
identity permutation then, since o € II, there exists j € {1,...,r} and
ke {r+1,...,d} such that jo = ko + 1. Let jo = m. Observe that (j, k)
is an inversion of ¢ that is not an inversion of o(m m + 1), and moreover
o(m m 4+ 1) has no inversions that o does not. Since also o(m m + 1) € II,
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the inductive hypothesis applies: sgn(o(mm + 1)) = (=1)3(c(m m+1)_ By
the set {lo(m m+1),...,ro(m m+ 1)} differs from {1o,...,ro} only by
the addition of m+ 1 and the loss of m, so s(o(m m+1)) = s(o) +1. Hence
sgn(o) = (—=1)%9), as required. O

Now applying|[Proposition 3.2{to each column in the d x s rectangle in turn

and using [Lemma 3.5L we see that, regarded as a map /\’\l V — /\AO/ Ve
(det V')*, the map ¥ is a K G-isomorphism.

3.3. Third step: column sorting permutations. We need to know how
permuting the boxes of a tableau affects the image of its column tabloid
under W. The column sets of the resulting tabloid are clear, and permuting
boxes does not change the value of its surplus, but each column must be
sorted into ascending order before the map ¢ — ¢° can be applied, and more
work is required to identify the sign which arises.

Fix t € CSYTy, q3(\) and two columns 1 < j < k < Aj. Let j° =
s+ 1—j and k° = s+ 1 — k be the columns in A\° complementary to the
columns j and k in A. Given a permutation 7 € S}, the support of T,
denoted supp 7, is the set of points which are not fixed by 7.

Let 7 € Seol, [\ Lcol,,[n] Pe @ product of disjoint transpositions of the form
(a b) where a € colj[A], b € colg[A], such that the boxes in the support of 7
have distinct entries in ¢. Suppose also that |t - 7| # 0; this precisely says
that, in ¢, no box in column j in the support of 7 has an entry which appears
in column k, and vice versa. Observe that for each box in the support of 7,
there is exactly one box in coljo[A°] U colge[A°] containing in ¢° the same
entry: considering, for example, a box a € col;[A] in the support of 7, the
entry t(a) does not appear in column k of ¢ by the above assumptions, and so
appears precisely once in column k° of ¢° (and does not appear in column j5°
of t° because it appears in column j of t). For a € col;[A] U colg[}] in
the support of 7, denote this corresponding box (t°)~!t(a). Then define
TC € Scoljo [\e]Licolo [A0] DY Teplacing in every transposition the box a with the
box (t°)~'t(a).

It is clear that (|t - 7|) = £|t° - 7°|: by construction the permutation 7°
swaps a pair of boxes between columns j° and k° if and only if the boxes
containing their entries are swapped between columns j and k by 7. We

S(t)

claim that furthermore the correct sign is (—1) To prove this, we require

the following lemma.

Lemma 3.6. Lett € CSYTyy  43(\). Let x € colj(t) and y € {1,...,d} \
col;(t). Letu be the tableau obtained from t by replacing in column j the en-
try x with the entry y, and let u' be the tableau obtained from t° by replacing
in column j° the entry y with the entry x. The unique place permutation in

S(x which sorts both column j of w and column j° of u' has sign (—1)‘”3*?/‘*1.
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Proof. Let C' = {min{z,y}+1,...,max{x,y} —1}. Column j of u is sorted
by a cycle of length 1+|C'Ncol;(t)|, while column j° of v’ is sorted by a cycle
of length 1 4 |C' N coljo(t°)|. Let o be the product of these disjoint cycles;
this is the unique permutation in Spy; which sorts both u and u’. Then o
has sign (—1)¢ where

e =|C Ncolj(t)] + |C Ncoljo(t°)].

But by the definition of ¢t we have col;(t) U colje(t°) = {1,...,d}. Thus
e =|C| = |z —y| — 1, as required. O

Observe that in the sign of the column sorting permutation
depends only on the set {z,y}, and not on ¢ (except through the requirement
that « € colj(t) and y & col;(t), which holds by hypothesis). Generalising,
we obtain the following lemma.

Lemma 3.7. Let t € CSYTy ¢ (A). Let {x1,...,z-} C colj(t) and
{yi,...,ur} € {1,...,d} \ col;(t). Let u be the tableau obtained from t
by replacing in column j each entry z; with the entry y;, and let u' be the
tableau obtained from t° by replacing in column j° each entry y; with the
entry x;. The unique place permutation in Sy which sorts both column j
of u and column j° of v’ has sign depending only on the pairs {x;,y;}, and

not on t.

Proof. This follows by repeated application of O

Proposition 3.8. Let t € CSYTy  4()\). Let 7 € Seol; [N Lcol,[\] b€ @
product of disjoint transpositions of the form (a b) where a € colj[A], b €
colg[A], such that the boxes in the support of T have distinct entries in t.
Suppose [t - 7| # 0. Then U(|t-7|) = (=1)S®t° . 7°|.

Proof. As has already been recorded, W(|t - 7|) = £|t° - 7°|, or equivalently
{1,...,d}\colj(t-7) = colje (t°-7°) and {1,...,d} \ colg(t-7) = col,(t°-7°).

Let m € Scolj[)\]v p e Scolk[)\]v T € Scoljo[)\ob 90, € SCOlko [)\o] be the unique
place permutations which sort, respectively, columns 7 and k£ of ¢ - 7 and
columns 5° and k° of t°-7°. By the signs sgn(77’) and sgn(py’)
depend only on the pairs {t(a),t(b)} where (a b) are the disjoint transposi-
tions comprising 7, and therefore these signs are equal.

The tableaux t-7mp and t°-7°7'¢’ are column standard, their column sets
are complementary as noted above, and they have the same surplus S(t).
Thus we have U(|t - tme|) = (—1)3®|t° . r°7'¢’|, and hence

([t - 7)) = sgu(re)W(|t - Tmol)
= sgn(mp)(—1)5D . 77|
= sgn(mp) sgn(n'¢")(—1) (t)ltO'T’\
= (-1 7). 0
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3.4. Fourth step: image of the Garnir relations. Recall that GR*(V)
and GR** (V*) are the submodules of /\)‘l V and /\)‘O/ V* of Garnir relations,
as defined in In this section we complete the strategy outlined at
the start of this section by proving the following proposition. The proof is
unavoidably somewhat long: after the setup it is split into three claims.

Proposition 3.9. The map V: /\X V- /\)‘0/ V* respects Garnir relations,
in the sense that W(GRM(V)) € GR (V*).

Proof. Let R 4 py be a Garnir relation as defined in Thus
t € CSYTyy,. 43(N), and A C colj[A] and B C colx[\] where 1 < j <k < A\
and [A|+[B| > A;. Our aim is to show that V(R 4 p)) € GRY (V*). Note
that place permutations do not change the value of S, so all signs arising
from application of W in this lemma will be (—1)5®).

Recall that, by construction of ¢°, the entries in columns j° = s+ 1—j
and k° = s+1—k of t° are complementary to the entries in columns j and &
of t. By[Lemma 2.8 we may assume that ¢t(A)Nt(B) = @. Then since also ¢

is column standard, the entries of the boxes of t in A LI B are distinct.
Let

o~

A° = {b € colge[\°] : t°(b) € t(A)}
B°® = {a € coljo[\°] : t°(a) € t(B)}
D; = {a € colj[A] : t(a) € coli(t)}

Dy, = {b € colg[\] : t(b) € col;(t)}.

o~

The sets A° and B° are, respectively, the boxes in columns j° and k° of A°
whose entries in t° lie in the boxes A and B in t. The sets D; and Dy, are,
respectively, the boxes in columns 7 and k£ of A whose entries appear in both
columns j and k of t. Note that t°(A°) C t(A) and t°(B°) C t(B), but
equality need not hold because entries which appear in both columns of ¢
do not appear in either column of t°. Thus ¢t°(A°) omits the entries in Dy,
and t°(B°) omits the entries in D; and

(3.9.1) 1°(A°) = t(A\ D;), t°(B°) =t(B\ Dy).

Since t and t° are injective on the sets of boxes appearing above, |A°| =
(Al = D], |B°] = |B| - | Dyl.

An illustrative example in which \; = 5, X\, = 4, d = 9 and #(A) =
{6,8,9}, t(B) = {2,3,5} is shown in the margin, with the sets introduced
above indicated. See also Figure 1, which shows all the sets introduced in
the course of the proof.

For each left coset of S4 x Sp in Sy p, choose a coset representative
which is a product of disjoint transpositions (a b) with a € A, b € B. Let T
be the subset of those representatives 7 such that |t - 7| # 0; equivalently, T
is the subset of coset representatives that fix all boxes in D; and Dj. (Only
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entries in t(D;) = t(Dy) can be repeated in a column of ¢ - 7, and since
t(A) Nt(B) = @, such an entry appears as a repeat in ¢ - 7 if and only if it
has changed column.) Thus the specified Garnir relation may be written as
(3.9.2) Ryap =Y |t-7|sgnr.
TET

The chosen coset representatives 7 precisely meet the properties as-
sumed in §3.3] Thus we can define for each 7 € T a permutation 7° €
Scoljo[/\O} Lcol,[n] PY; In every transposition comprising 7, replacing the box a
with the unique box (t°)~'#(a) in column j° or k° containing the entry t(a).
Let 7° = {7° : 7 € T}. Moreover, the conditions of [Proposition 3.8| are
met, and so we have

(3.9.3) U(lt-7]) = (=1)5O e 70|
forall T € 7.

Example 3.9.4. In the example shown in the margin, let 7 be the place
permutation ((4,4) (3,k)). Then 7 is a permitted coset representative in 7~
and 7° = ((3,7°) (4,k°)), both swapping the boxes containing 5 and 8
(shown in bold in the margin). Since ¢-7 and ¢t°-7° are both sorted to column
standard tableaux by applying two transpositions, ¥(|t-7]) = (—1)S®|t°.7°|.

If we instead take 7 to be the place permutation ((3, 7) (3, k)), then, since
(3,7) € D; and so its entry 6 appears in both column j and column & of ¢,
we have [t- 7| =0and 7 ¢ T.

We now show that 7° has one property required by the set S in the
definition of Garnir relations.

Claim 3.9.5. Ezcluding precisely those cosets whose place permutation ac-
tions send [t°| to 0, the set T° is a complete irredundant set of left coset
representatives of Sae X Spe in S pe.

Proof. If 7, 8 € T are such that 7° and 6° represent the same coset of
Sae X Spo, then |t° - 7°| = £|t° - §°|. Using [Proposition 3.8/ and that U is a
bijection, it follows that |t- 7| = £[¢-6|. Since the boxes ALl B have distinct
entries in ¢, it follows that 7 and 6 represent the same coset of S4 x Sp.
Additionally, if [¢t° - 7°| = 0 then |t - 7| = 0, which contradicts 7 € 7. Thus
distinct elements of 7° are representatives of distinct cosets whose place

permutation actions do not send [t°| to 0.

On the other hand, given any permutation in S40 50, we may choose a
coset representative o that can be written as a product of disjoint transposi-
tions (a b) with a € A° and b € B°. Because t°(A°) and t°(B°) are disjoint,
the support of o necessarily has distinct entries in ¢°. Supposing also that
the place permutation action of this coset does not send [t°| to 0, then this
representative satisfies the conditions of and we may perform the con-
struction symmetric to 7 — 7°. We thus obtain a permutation 7 € Sy p
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such that 7 € 7 and 7° = 0. We conclude that 7° is complete with the
specified exclusions. O

It follows from ([3.9.2)) and (3.9.3) that
(3.9.6) (R, a,p) = (—1)5 > [t° - 7°|sgn 7.
ToEeT®
It would be very convenient to conclude from this and that
V(R,4,B) = (—1)S(t)R(to7onBo), finishing the proof. However, it may not
be the case that |A°| +|B°| > A7, and this is a requirement for (t°, A°, B°)
to label a Garnir relation. We address this problem by expanding the subset

A° of colge[A\°] in a way that does not affect the resulting relation: adding
boxes which have entries lying also in column j° of ¢°.
Let

N; = {a € coljo[X°] : t°(a) € t°(colk[X°])}
Nj, = {b € coljo [A°] : t°(b) € t°(col;[\°])}

be the sets of boxes in columns j° and k° of A° respectively whose entries
appear in both columns j° and k° of t°. (Thus N; and Ny, are the analogues
for t° of D;j and Dy.) In particular, Ny, is disjoint from A° and N; is disjoint
from B°. These sets, and the sets introduced in the proof of the following
claim, are shown in

Example 3.9.7. In our running example, shown in the margin with full
annotations, A° = {(4,k°),(5,k°)} and B° = {(1,5°),(3,5°)} so |4°| +
|B°l = 4 # Ao = 5. Therefore A° and B° cannot be used directly to
define a Garnir relation. We have Ni = {(2,%°), (3,k°)}, in bijection with
N; ={(2,7°),(4,7°)}, and |A° U Ni| +|B°| = 6. Therefore A°U N, and B°
define a Garnir relation. The relevant boxes are shaded in the margin. By

Claim 3.9.9| at the end of this proof, ¥(R 4 p)) = (—1)5O Re so0n, po)-

Claim 3.9.8. [A° U Ni| + |B°| > A%,

Proof. Let U = col;[\]\(AUD);), and let U° = {b € coly-[\°] : t°(b) € t(U)}.
Since each entry in column k° of t° is, by construction, not in column £ of ¢,
and either (i) in A and not in both columns of ¢, so in A°; (ii) not in A but
in column j of ¢, so in U®; (iii) not in A and not in column j of ¢, so in Ny,
we have \j, = |A°| + |Ng| + |U°|. (This can be seen from the partition of
column k° in ) Therefore the claim is equivalent to

|A°| + | Ng| + |B°| > Ao <= |B°| > |U°|
<~ |B| > |U°[+|B| - |B°|
<= |B| > |U| + |B N Dy|

where the final line holds because U° is in bijection, via t° and ¢, with U
and, by (3.9.1]), t° defines a bijection from B° to B\Dj, giving |B N Dy| =
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t(D;) = t(Dy) = col;(t) N coly(t) col;(t) \ coly(t)
J AL d) | k
L uspy | t
:;‘éFDj\A)ﬁt(Dk\]??,: ! e,
IRV 1 ) PAV:
ot ' k
A\ D; I;) : — ! {
e .
& E bl w
¢ : : —
U = (U)=t2(U°) )
10 . t(B\Dg) | et || A
B° ||F——— = :
(B
e t° L t<w>:t°<W°>‘_i o
tO E |’ ___________ \| tO T
N P | t°(N)) =t°(Ng) | || Ny

col(t)\ col;(¢) {1,..., d}l\ (col;(t) U coly (1))

F1GURE 1. The sets of boxes and their entries considered in the proof of

IProposition 3.9, Column j of [A] and column j° of [\°] are shown on the

left, column & of [A] and column k° of [A°] are shown on the right, and the
set {1,...,d} containing their entries is shown in the middle. The solid
shading indicates the boxes, and their entries, that may be moved by
elements of T; the dotted shading indicates the boxes, and their entries,
which lie in A U B but which are fixed by T. states that
the number of solidly shaded entries, plus | Ng|, is strictly more than 2.
The sets W = colg[A]\(B U D) and W° = {a € coljo[X\°] : t(a) € t(W)}
are defined analogously to the sets of boxes U and U° used in the proof

of they are indicated here only in order to complete the
partition and are not used in the proof.
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|B|—|B°|. (Both bijections can be seen in[Figure 1) Now [BNDy| < |D;\ A
since each entry of B N Dy is in both column k£ and column j of ¢, and so
is in Dj, but these entries are not in A, since t(A) N¢(B) = @. (This can
be seen in Figure 1 by following the arrow t from B N Dy.) Therefore it is
sufficient to prove that

|B| > U] + DA
This holds because |A| + [B| > )}, and so |B] is strictly more than the

number of entries in column j of ¢ not in A; these are precisely the entries
in the boxes in U and D;\ A. O

Claim 3.9.9. U(R 4 p)) = (—1)5ORyo son, po)-

Proof. Let R be a set of left coset representatives for Sy n, x Spe in
Saeun,uBe, chosen so that each representative that keeps all the boxes in Ny,
in column k° fixes all these boxes. Let @ C R be this set of representatives
fixing all the boxes in Ng; then Q forms a complete irredundant set of
left coset representatives of S0 X Spo in Sgopo. By we have
Y ocolt® olsgno =3 o 7o [t? 7°[sgn7°. Thus
Ro, aouny, Bo) = Z |t° - o|sgno + Z [t° - 7°| sgn7°.
FER\Q To€To

Each summand |t°- | in the first sum is 0, because o moves a box containing
an entry in Ng into column j, in which this entry is already contained in
a box in N;. By the second summand is (—1)S(t)\II(R(t7A7B)), as
required. O

We thus have V(R 4 p)) € GR** (V*), completing the proof. O
To complete the proof of [Theorem 1.2 we need that VAV and VA" V* have

the same dimension. This result is well known: it is proved, for instance,
in Proposition 7.1 in [PW21], where it is shown that the map ¢ +— t° is a
bijection SSYTy; . 41(A) — SSYTyy, . 43(A°), and so the dimensions agree
by [Proposition 2.4}

We can now prove the main results of this section.

Proof of [Theorem 1.3 The K G-isomorphism ¥: ANV — /\/\OIV*®(det V)#
induces, by [Proposition 3.2, a homomorphism GR*(V') — GR"(V*). Hence,
by |[Proposition 2.7, ¥ induces a surjective KG-homomorphism VV —
VMV* @ (det V)*. Since these modules have the same dimension, ¥ is

an isomorphism. O

Corollary 1.3. Let ¢, s € Ny, and let A be a partition with £(A\) < £+1 and
first part at most s. Let A\° denote the complement of \ in the ({ +1) X s
rectangle. Let K be a field and let E be the natural 2-dimensional represen-
tation of SLa(K). Then there is an isomorphism

VA Sym‘E =~ V*° Sym,E.
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Proof. Take G = SLy(K), d = £ + 1 and V = Sym‘FE in [Theorem 1.2

Since V' is the restriction of a polynomial representation of GLy(K), det V'

is the trivial representation. By the discussion following [Proposition 2.11]
and [Lemma 2.12, we have (Sym‘E)* 2 Sym, E. The corollary follows. [

4. WRONSKIAN ISOMORPHISM (PROOF OF [THEOREM 1.4))
This section consists of a proof of restated below.

Theorem 1.4 (Modular Wronskian isomorphism). Let m, ¢ € N. Let K
be a field and let E be the natural 2-dimensional representation of GLa(K).
There is an isomorphism of GLy(K)-representations

Sym,, Sym‘E ® (det E)®"(m=1)/2 o« A Gyl p
given by restriction of the K-linear map (Sym’E)®™ — A" Sym‘*™~1 E
defined on the canonical basis of (Sym® E)®™ by
Xh Yf—h ®Xi2 Yf—i2® . ®Ximyf—im
— Xi1+m—1yf—i1 /\Xi2+m_2Y£_i2+1/\ . /\X’imyf-ﬁ-m—l—im.

The proof is split into two subsections: the first shows that this map is a
K-linear isomorphism, the second that it respects the group action.

4.1. A K-linear isomorphism. We introduce some notation to describe
the given map and show that it is a K-linear isomorphism Sym,, Sym‘E —
A" Sym™™~1E. As in the introduction, we write E = (X,Y)g. Thus for
each r € N, by , Sym” E has a basis {Y", XY 1 ... X"}

An m-multiindex is an element of Z™. The symmetric group S, acts on

m-multiindices by place permutation: (i1,...,im) 0 = (l1g=1,.. ., lme—1)-
Let Stabi < 5, denote the stabiliser of the m-multiindex i. Let d =
(m—1,m—2,...,0). Addition and subtraction of m-multiindices is defined
componentwise.

Definition 4.1. Given an m-multiindex i with entries from {0, ..., ¢}, define

Fg(i) = XY™ g ... Xny!in,
Feym (i) = ZaEStabi\Sm Fg(i-o0);
and given an m-multiindex i with entries from {0,...,¢+ m — 1}, define

Fr(i) = Xhym—l-it AL p Ximytm=l=im_

By our definition of Sym,, Sym‘V as the fixed points for the action of S,,
on (Sym®V)®™ this module has as a basis all Fyyy (i) for weakly decreasing
ie{0,...,0}™; let M be the set of such multiindices. Thus we can write

the restriction to Sym,, Sym‘ E of the map in the statement of [Theorem 1.4

as follows.
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Definition 4.2. Let ¢: Sym,, Sym‘E — A" Sym ™~ E be the K-linear
map defined by linear extension of

(Fym(i)= > Fali-o+d)

o€Stabi\Sm
fori e M.
Example 4.3. Take m = £ = 3. Omitting some parentheses for readability,
we have
Foym(3,1,1) = Fg(3,1,1) + Fs(1,3,1) +  Fy(1,1,3)

= X30XY20XY? + XY20X30XY? + XY?0XY?eX?
and, since d = (2, 1,0),
(Fsym(3,1,1) = FA(5,2,1) + FA(3,4,1) + FA(3,2,3)

= Fn(5,2,1) — Fn(4,3,1)

= XOAXZY3AXY? — XY AX3Y2AXYH
where we have aligned the summands obtained by addition of d to the index.

Remark 4.4. In our notation, the map (SymeE)®m - A" Sym™™™ 1 E in

the statement of is defined by
Fg(i) — FA(i+d)

for all i € {0,...¢}™. This K-linear map will be useful in the following
subsection when computing with (. However, this extended map does not
respect the group action. For example, let £ = m = 2, so d = (1,0),
and let i = (1,2). Then the extended map sends Fg(i) = XY ® X? to
Fr(i+d) = X2Y A X?Y = 0. But choosing J = ( °; §) € SLa(k), we have
JFg(i) = —XY ®Y?2, which is sent by the extended map to —X2Y AY?3 # 0.

We totally order multiindices of a given length lexicographically compar-
ing entries starting at the left. For example (3,2,2) < (3,3,1) < (4,2,1).

Lemma 4.5. The K-linear map ( is injective.

Proof. Let x = Zie/\@ i Faym(i) € Sym,, Sym‘ E be non-zero. There is
some non-zero o € K; choose imax maximal with «; .,  # 0. Note that
by ([@2.1), a basis for A" Sym™ ™ Eis {FAG) : £+m—12>j > ... >
Jjm = 0}. We claim that, with respect to this basis, the coefficient in (x of
Fr(imax +d) is a4, , and hence (x # 0.

The summands of ( Fyyr, (i) are labelled by (i-0+d)-7, where o ranges over
right coset representatives of Stabi in S, and 7, € S,, sorts the multiindex
i-0+d into weakly decreasing order (so that it indeed labels a basis element).
Ifi € M then (i-0+d)-7, < i+d in the lexicographical order with equality
if and only if o € Stabi (and hence 7, = id). Hence, for i < ipax, all such
labels satisfy (i-0+d) -7, < i+ d < imax + d, with equality if and only
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if i = ipax and o € Stabipax (and hence 7, = id). Thus the basis element
F(imax—+d) has coefficient 1 in ( Fiym (imax) and zero in ¢ Fyym (i) for i < imax.
The claim follows. O

A simple calculation shows that Sym,, Sym’ F and A" Sym‘™™~1E both

€+m)

have dimension ( ). Therefore ¢ is a K-linear isomorphism.

4.2. ¢ is a homomorphism of KSLy(K)-modules. As indicated at the

end of the introduction, to prove it suffices to show ( respects
the action of SLy(K). Since SLy(K) is generated by the elements

1 1
0 0

for v € K, it suffices to show that { commutes with their action.

For J this is straightforward. Let ¢®) = (s,...,s) for s € Ny. Let T(h) be
the sum of all entries of the multiindex h. From J(X?Y*$™) = (—1)'Y?X5~¢
we get JFg (i) = (—1)T Fg(c® —i) and JFEA(§) = (—=1)TW F, (cEHm=1 —j).
Clearly Stabi = Stab(c(®) — 1), so

(T Fsym(i)) = (—1>T<i>CFsym<c“> =)

1 ZFA Z)—l U—i—d)
oeC

where C is a fixed set of coset representatives for Stabi\S,,. Similarly,

J((Faym(i) =J > Fa(i-o+d)
oeC
T( )+T(d ZF (£+m—1) ) O'—d).
oeC

Observe that ¢t 1 —d = (c® +d) -7 where 7 € S,, is the permu-
tation reversing the order of an m-multiindex, which has sign (—=1)L%) =
(=1)mm=1/2 = (—1)T(d)| We can thereby rewrite each summand above as

F/\(c(“m_l) —i)-o—d) = F/\((c(z) —i-or+d)-7)
= (—1)T(d)F,\((c(€) —i)-or+d).

Substituting into our expression for J((Fsym(i)), and using that another
suitable set of coset representatives is Ct, we deduce that J((Fuym(i)) =
¢(J Fsym(i)) as required.

For M., we use a trick, which while technical we believe is of independent
interest, to reduce to the Lie algebra action of sly(C).

Reduction. Let Z be the matrix representing the linear map ¢ with re-
spect to our given bases. Let p.,, and p, be the group homomorphisms
SLy(K) — GL4(K) representing the action of SLy(K) on Sym,, Sym’ E and
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A" Sym‘* ™! E respectively, where d = (sz). Then we are required to
show that

(46) ZPSym(M’Y) = pA(MW)Z

for all v € K. If K has characteristic zero, then this is a system of equa-
tions between polynomials in « with coefficients in Z: the entries of Z are
plainly integers, and the entries of p,,,,(M) and p, (M) are, for our choices
of canonical bases, polynomials in + with integer coefficients. Moreover,
reducing the entries of these matrices modulo p yields the entries for the
corresponding matrices when K has characteristic p. Thus showing
for any particular v which is transcendental over Z establishes for all
elements v of all fields. We choose to consider K = C, and prove for
all v € C.

We next reduce to the Lie algebra slo(C). Since SLo(C) is a connected
and simply-connected Lie group, by a basic result from Lie theory (see for
instance after Definition 8.11 in [FH91]), we may regard Sym,, Sym’ E and
Sym™ /\Hm_lE as modules for the Lie algebra sly(C), and establish the re-
quired property for sly(C)-modules. The one-parameter subgroup containing
all M., for v € C has infinitesimal generator

00
Therefore to show (4.6) and hence prove [Theorem 1.4} it suffices to show

(4‘7) C(stym(l)) = f(CFsym(l))
forallie M.

Proof of (4.7)) using sl2(C) action. Recall that if V' is a sla(C)-module then
the action of x € sly(C) on V®" is defined by

z(U®- - Quy) = (2u1)Q - Qup + -+ + W - D(xu,)

with similar rules for the action on Sym”V and A" V. Since fX =Y
and fY = 0, we have fX'Y/ = i X1yl for i € {0,...,¢} (per-
mitting X 'Y to appear with zero coefficient). For r € {1,...,m}
let k(M = (0,...,1,...,0) where 1 appears in position r. Again using
the multilinear action of slo(C) we get fFy(i) = S i, Fy(i — k) and
FEAG) = 271 3r Fali — KO,

Using that Fiym(i) = | Stabi| ™! > ves,, Fo(i-o), and that ¢ extends as a
K-linear map to the domain (Sym® E)®™ by (Fy (i) = Fa(i + d) (as noted
in , we get

C(fFaym(i)) = [Stabi|™'¢ >~ > (i-0),Fo(i-o — k™)

og€Sy, r=1
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= |Stabi|™! Z Z(l o) Fpi-o — k(™ 4+ d)

oESH r=1
and

F(CFym(i) = |Stabi |7 f > Fa(i-o +d)

0c€ESm
= [Stabi|™" Y > (i-o+d)Fai-o+d—k")
o€Sy, r=1

Since (i-04+d), = (i-0), + m — r, it follows that ¢ commutes with the
action of f if and only if 37" 37 o Fa(i-o —k™ +d)(m—r) = 0. This
holds, taking each r separately, by the lemma below.

Lemma 4.8. Leti € M> and let r € {1,...,m — 1}. Over any field we
have ) cs, Fa(i-o+d— k(M) =0.

Proof. The summands for o and o(r r+ 1) are
FA(C ooy g +tm—r—=1, e +m—(r+1), ... ),
FA( oy dpqyertm =1 =11, +m—(r+1), ce)

respectively. The two multiindices appearing above differ by the place per-
mutation (r 7+ 1). Hence Fa(i-0 —k" +d) = —Fp(i-o(r r4+1) -k +d).
and so the summands cancel in pairs. O

We have now completed the proof of

5. HERMITE RECIPROCITY (PROOF OF [COROLLARY 1.5))

We deduce the modular version of Hermite reciprocity re-
stated below, from the complementary partition isomorphism and the Wron-

skian isomorphism. In fact we need only the special case of
the former isomorphism; this corollary was proved at the end of

Corollary 1.5 (Modular Hermite reciprocity). Let m, ¢ € N and let E be
the natural 2-dimensional representation of GLa(K). Then

Sym,, Sym‘E = Sym‘ Sym,, E.

Proof. Since the representations are polynomial of equal degree ¢m, it suf-
fices to establish the isomorphism for representations of SLa(K) by the ar-
gument at the end of the introduction. We have

Sym,, Sym’ E = A" Sym‘T™ 1 E by
=~ N Symyy 1 E by
> (AfSym*Tm—t E)O by [Proposition 2.11]

> (Sym,Sym™ E)° by [TTcorem 1
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~ Sym‘ Sym,,, F by [Proposition 2.11}

as required. O

We illustrate how to explicitly compose the maps above with an example.
(In practice it is convenient to address duality in a different order than in

the proof of [Corollary 1.5])
Example 5.1. Suppose ¢ = m = 2, and write £ = (X,Y )k as in In

this example we identify the image in Sym® Sym,, I/ of the basis element
X2®Y? 4+Y?20X? € Sym,, Sym’ E.
We first apply the Wronskian isomorphism ¢ (Definition 4.2)), giving
Sym,, Sym‘ E — A" Sym“™~1 E
X2Y?2+Y?0X% = X3AY? — XY AXY?2
Next we apply the complementary partition isomorphism 1) (see : we

replace each summand with the wedge product of the duals of the comple-
mentary basis elements (and also pick up a sign, which in our example is +).

Composing with the isomorphism (A" V)* =2 A" V* of we obtain
A" Sym™ L E o (AfSymT™ 1 E)*
X3AAY3 - XY AXY?2 s (XPY AXY?) = (XPAYH)N
Now we apply the dual ¢* of the Wronskian isomorphism. To find the image
¢*(x*), we seek those basis elements y such that {(y) has z as a summand.
For z = X2Y A XY?, there are two such basis elements: XY ® XY and
the symmetrisation of X? ® Y2 (the latter appearing with sign —1); for

r = X3 AY3, the symmetrisation of X?®Y? is the only such basis element.
Thus

(A Sym™™ " E)* = (Sym, Sym™ E)*
(XY AXY?) = (XPAY) = (XY © XY)" —2(X?0Y?)

*
sym”

The isomorphism (Sym” V)* = Sym, V* is, analogously to the proof of
given by the explicit map interchanging symmetrisations with
products, yielding
(Sym, Sym™ E)* — Sym’ Sym,, E*
(XY ® XY)* (X* QY )gym - (X @Y *)gym
—
—2(X*®Y?)_ —2(X*®@X*)-(Y'oY™).

Finally we use [Lemma 2.12} there is an isomorphism E* = E° = FE given
by the basis change matrix J = (_01 (1)), which in our case replaces X™* with

—Y and Y* with X. We have

Sym’Sym,, E* — Sym‘Sym,, E
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(X*®Y*)sym ' (X*®Y*)sym (X®Y)sym : (X®Y)sym
Xt e XN (Y eYH) | —2Xe@X) (YeY)

Thus our overall map sends

Sym,, Sym’ E — Sym* Sym,, E
X2@Y2+Y20X? = (X®Y)gym - (XY )gym —2(X @ X) - (Y ®Y).

Notice in particular that we have not merely interchanged symmetrisations
and products. Thus this map is of interest even in characteristic 0, where it
corresponds to a non-trivial automorphism of Sym? Sym? E.

As an application, we recall that stated in the language of representa-
tions of GL(V') where V' is a d-dimensional complex vector space, Foulkes’
Conjecture asserts that if £ < m then Sym’Sym™V is isomorphic to a sub-
representation of Sym™ Sym‘E. For arbitrary d the conjecture has been
proved only when ¢ < 5: see [CIM17] for this result and a survey of ear-
lier work. When d = 2, Foulkes’ Conjecture holds by Hermite Reciprocity.
In [Gial5], Giannelli showed that the modular analogue of Foulkes’ Conjec-
ture for symmetric groups is false in general. It is therefore notable that
the modular version of Hermite reciprocity in gives a family of
special cases of Foulkes’ Conjecture for which there is a modular analogue.

6. DEFECT SETS (PROOF OF [THEOREM 1.6|)

Throughout we use the notation from §4|in which £ = (X,Y)x is the
natural representation of SLa(K).

6.1. Weight spaces. Suppose for this setup that K is infinite. Let T be
the torus of diagonal matrices in SLy(K). Let V be a representation of a
subgroup of SLy(K) containing T'. Recall that for r € Z, the r-weight space
of V is

(6.1) Vr:{UEV: <((); 91>v:arvforalla€KX}.
«

An integer r such that V, # 0 is called a weight of V; an element of an
r-weight space is called a weight vector with weight r.

We say that T' acts diagonalisably on V if V. = @ ., V;, or equivalently
if V has a basis of weight vectors. If V' is a K SLg(K)-module on which T
acts diagonalisably and m € Z is maximal such that V,,, # 0, then we say
that V,,, is the highest weight space of V, and that a non-zero v € V,, is a
highest weight vector. We say v € V,,, is a unique highest weight vector if V,,
is one-dimensional.
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Let B be the Borel subgroup of SLy(K) consisting of lower triangular
matrices. As in §4] for v € K we let

1
M7:< O)GB.
v 1

We introduce the following invariant, which we will use to to distinguish
non-isomorphic representations and hence obtain the results of this section.

Definition 6.2. Let V be a K SLa(K)-module on which T acts diagonalis-
ably with unique highest weight vector v of weight m. Let Bv denote the
K B-submodule of V' generated by v. We define the defect set of V', denoted
D(V), by

D(V) = {d €Ny : (B’U)m_gd 75 0}

Example 6.3. Let & > 1. The module Sym?" E has weight vector basis
{XP" L XPUTYE L YPYY where XPOUY? has weight p® — 2i. Thus the
weights are p® ..., p%—2i,...,—p%, and XP" is a unique highest weight vec-
tor. Observe that M, XP" = (X ++7Y)P" = XP* 4+ ~4P"Y?" and hence BX?"
is spanned by XP" and YP" whose weights are p® and —p® respectively.

Hence the defect set is D(Sym?” E) = {0, p®}.

We generalise this example to arbitrary upper and lower symmetric pow-
ers in |[Lemma 6.9

Finite fields. To obtain the full version of we need the ex-
tension of [Definition 6.2 to K SLg(K)-modules when K is finite. Sup-

pose that |K| = ¢. Since T' is isomorphic to the cyclic group K* of order
q — 1, a well-known generalisation of Maschke’s Theorem implies that T'
acts diagonalisably on any K SLy(K)-module. Defining V. as in , we
have V' = > ., V;. The sum is no longer direct in general, because the
weight r is now well-defined only up to multiples of ¢ — 1. For the purposes
of our work, we restrict the definition of weights to integers in the range
{—%—l—l,...,’%l} when ¢ is odd, and in the range {—% +1,...,4 -1}
when ¢ is a 2-power. Correspondingly, in the definition of the defect set,

Definition 6.2 we take only those d in {O,l,...,q;zl} if ¢ is odd or in

{0,1,...,4 — 1} if ¢ is a 2-power.

Example 6.4. We revisit now supposing K is a finite field.
For K sufficiently large (|K| > p®*? suffices), all the weights written down

in are within the required range, and no changes are needed.
However, when |K| < 1+ 2m, where m is the highest weight defined for an
infinite field, the behaviour can be very different.

Consider Sym*FE when K = Fg. Weights are restricted to be between —3
and 3 (inclusive), and so X* has weight —3 (rather than 4 as in the infinite
field case). A unique highest weight vector is Y# with weight 3 (the other
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weight vectors are X3Y with weight 2, X2Y? with weight 0, and XY? with
weight —2). The submodule BY? is spanned by Y4 and thus the defect set
is D(Sym* F) = {0}.

Consider instead Sym® E when K = F5. Weights are restricted to be
between —1 and 2 (inclusive), and so Sym® E has weights 1 (with weight
vectors X°, X3Y? and XY*) and —1 (with weight vectors X*Y, X2Y3
and Y®). In particular there is not a unique highest weight vector and so
the defect set is not defined.

Identifying defect sets for images of Schur functors. We first verify that
defect sets are defined for the modules we wish to distinguish using them. We
assume throughout that |K| > 4 (as otherwise weights are only permitted
to be in the sets {0} or {0, 1}, which is too restrictive).

The natural representation E has weight vector basis {X,Y}, where X
is a unique highest weight vector of weight 1 and Y has weight —1. It is
straightforward to identify weight vector bases for the images of E under
iterated Schur functors and their duals, and observe that there is a unique
highest weight vector and hence that the defect set is defined.

Proposition 6.5. Let V be a K SLo(K)-module with weight vector basis
{v1,...,v¢}, where v; has weight r;, for some integers ri < -+ < rp—1 < 1y.

(i) The basis of VAV consisting of semistandard polytabloids is a weight
vector basis, in which e(t) has weight 3 ey ) (modulo [K|—1). Let tmax
be the semistandard tableau obtained by filling each column from the bottom
with integers decreasing from £, and suppose that |[K| > 1+ 2 Zbe[A] Tt (b) -
Then a unique highest weight vector is €(tmax)-

(ii) The basis {v},...,v;} for V° dual to {v1,...,ve} is a weight vector
basis, in which vy has weight r;. A unique highest weight vector is vy, of
weight ry.

Proof. The claimed weights are clear; that the semistandard polytabloids

form a basis is [Proposition 2.4] Since ry_; < 7y, there is in each case a

unique highest weight vector. U

To identify which of the weight spaces intersect the K B-submodule gen-
erated by the highest weight vector, it suffices to consider the action of
unipotent lower triangular matrices on the highest weight vector. This is
made precise by the following lemma.

Lemma 6.6. Let V be a K SLa(K)-module on which T' acts diagonalisably,
and let U be a K B-submodule of V' generated by some weight vector v € V.
Then U, # 0 if and only if there exists some v € K such that the component
of Myv in V, is non-zero.

Proof. For the ‘if’ direction, it suffices to prove that if vy, ..., v, are non-zero
weight vectors with distinct weights r1,...,r, such that v; +--- 4+ v, € U,
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then each v; lies in U. We use induction on n. The case n = 1 is clear.
Suppose n > 1, and write x = v1 + --- + v,. Choose o € K such that
a’ # o™ (when K is finite this is possible since |K| > |r1| + |r,| by our

definition of weights), and let g = (§ 21) € B < SLa(k). Then

Wagr—amz= (" —a™)vy+...+ (' —a™)v,_1.

By the inductive hypothesis, v; € U, and hence z — vy € U. Then by the
inductive hypothesis applied to x — vy, we also have vs,...,v, € U.
Conversely, suppose U, # 0. Then there exists some g € B such that gv
has non-zero component in V,. An element of B can be written as g =
My(aagl) for some a,y € K, and since v is a weight vector we have

0
that (8‘ a91 )v is a non-zero scalar multiple of v. Thus M,v has non-zero
component in V. U

Finally in this subsection we record a lemma which is of great use when
ruling out certain elements from being in defect sets. Given subsets I, J C
No,les I+J={i+j:i€l, jeJ}.

Lemma 6.7. Suppose V' and W are K SLo(K)-modules on which T acts
diagonalisably with a unique highest weight vector.

(i) If ¢: V. — W is a homomorphism that does not annihilate the high-
est weight vector of V', then D(im ) is defined and D(imp) C D(V). In
particular, if W is a quotient of V', then D(W) C D(V).

(ii) Suppose |K|— 1 is strictly greater than twice the sum of the highest
weights of V- and W. Then the set D(V @ W) is defined and D(V @ W) C
D(V)+DW).

Proof. This follows easily from using in (i) that if v is a highest
weight vector in V' then p(v) # 0 is a highest weight vector in W; and in

that if also w is a highest weight vector in W then, by the hypothesis on the
field size, v ® w is a highest weight vector in V @ W. U

6.2. Symmetric powers and carry-free sums. In this subsection we
identify the defect sets for iterated symmetric powers. This prepares the

ground for the proof of and also yields [Proposition 6.10} char-
acterising when symmetric powers are isomorphic to their duals, and Propo-

sition 6.12, demonstrating that our [Corollary 1.5] is the unique modular
generalisation of Hermite reciprocity.

For a € {0,...,0}, let (X®~%® Y®4) ., € Sym, E be the sum of all (ﬁ)
pure tensors Z1 ® - -+ ® Z; where exactly £ — a of the factors are X and the
remaining a are Y.

Binomial and multinomial coefficients will frequently appear when ex-
panding the action of matrices M, on symmetric powers. To determine
when these coefficients are non-zero modulo p, we require the notion of
carry-free sums.
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Definition 6.8. Let aq,...,as € Ny, and write agj)
corresponding to the power of p/. We say that the sum a; + --- + ay is

carry-free in base p if agj) +- +a(j) < p—1forall j. For a, £ € Ny, we say

for the base p digit of a;

that a is a carry-free summand of £, denoted a < ¢, if a < £ and the sum
a+ (£ — a) is carry-free.

Equivalently, a1+- - -+as is carry-free in base p if the sum can be computed
in base p without carrying, by the usual algorithm taught in schools for
base 10. Lucas’s Theorem (see for instance [Jam78| Lemma 22.4]) states
that the binomial coefficient (ﬁ) is non-zero modulo p if and only if a < /,

a1+-+as

and more generally that the multinomial coefficient ( o ) is non-zero

modulo p if and only if the sum a1 + - - - + a, is carry-free.

Lemma 6.9. Let ¢ € Ny. If K has prime characteristic p and |K| >
14 2¢ then
(ii) D(Sym‘E) = {d € {0,...,¢} : d < {}.

Proof. A highest weight vector of Sym, E is X®¢ and a highest weight vector
of Sym‘E is X*. A simple calculation yields

X®€ Z X®€ dY@d)symy
d=

¢
14
My (X =)y <d> Xtdyd,
d=0
Note that X® 4 @ Y®4 and X9V ? have weight ¢ — 2d; using [Lemma 6.6
and Lucas’s Theorem mentioned above, the defect sets are then clear. [

The part of the following proposition for fields of characteristic zero is
well-known and is included for logical completeness.

Proposition 6.10. Let ¢ € Ny. If K has prime characteristic p and |K| >
1+ 2¢ then Sym‘E = Sym, E if and only if £ < p or £ = p* — 1 for some
e € N. If K has characteristic zero then Sym‘E = Sym, E for any £.
Proof. The condition that £ < p or £ = p° — 1 for some ¢ € N is equivalent
to the condition that a < ¢ for all a € {0,...,¢}: if £ < p then we clearly
have a < ¢ for all a € {0,...,¢};if £ > pthena<l£for all a € {0,... ¢} if
and only if all base p dlglts of £ are p — 1, which is if and only if £ = p® — 1.
By [Lemma 6.9, if Sym‘FE = Sym, E then a < ¢ for all a € {0,...,(}, as
required. Conversely, consider the composition of the canonical maps

Symy E — E®f = Sym‘F
which sends (X®~ ® Y®4)y,, € Sym, F to (ﬁ)XK*“Y“. Supposing a < £

foralla € {0,...,¢}, or supposing instead the ground field has characteristic
zero, we have that (ﬁ) # 0, and so this is an isomorphism. U
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Lemma 6.11. Let m, £ € Ny. Suppose that K has prime characteristic p
and that |K| > 1+ 2¢m. Then

D(Sym,, Sym, E) ={0,...,¢m};

)

l
¢ _ . A,m07...,m£€No,m0—|-..._|_m£:m’
D(Sym,, Sym'E) = ijg " j <L for all j such that mj # 0
7=0

mo + - - - + my is carry-free ’

) mo,...,mp € Ng, mg+---+my =m,
D(Sym™ Sym‘E) = ijj s mg + -+ my is carry-free,
=0

J4
m . mo,...,mg € No, mg+---+my=m,
D(Sym™ Sym, E) = E Jm; : ;
=0
Jj <UL for all j such that m; # 0 }

Proof. We compute D(Sym™ Sym‘ E). The highest weight vector is (X¢)™
of weight ¢m, so it suffices to consider the expansion

m

0
om _ O\ i xt-iyi
(X +))™ = ;(j)v){ Y
¢

S S R (DR

mo,...,mgENQ Jj=0
mo—+---+my=m

The vectors of weight ¢m — 2d are precisely the elements HgZO(X =iy aym
where Zﬁ:o Jjm; = d, and such an element appears with non-zero coefficient
in this expansion if and only if the corresponding binomial and multinomial
coefficients are non-zero. Lucas’s Theorem then yields the claimed defect
set. The other parts follow similarly, with the binomial and/or multinomial
coefficients not appearing in the expansion when the first and/or second
symmetric powers are lower respectively. U

Proposition 6.12. Let € > 1. Suppose that K has characteristic p and
|K| > p*t3. The eight modules obtained from Sym?” SymP E by exchanging
the order of the symmetric powers and replacing upper symmetric powers
with lower symmetric powers are pairwise non-isomorphic, with the excep-
tions of

Sym,, Sym?" E = Sym”” Sym,, E,
its dual

Sym” Sym,. £ = Sym,,. Sym”E,

and the possible exceptions of an isomorphism SymP Sym? E = Sym?” Sym?E
and its dual Sym, Sym,,. E'= Sym, . Sym, E, so that there are either four or
six isomorphism classes of modules. If p = 2 the possible exceptions do not
occur and there are precisely six isomorphism classes of modules.
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Proof. Since |K| > 1+2p°T!|Lemma 6.11|applies. Routine applications give
D(Sym,, Sym, E) = D(Sym, Sym,, E) = {0, 1,. .. T =1, p )

~—

)
D(Sym” Sym,. E) = D(Sym, Sym”E) = {0,p,2p,...,p""" —p,p""'}
D(Sym,, Sym” E) = D(Sym”" Sym, E) = {0,p,p"""}
D(Sym? Sym?” E) = D(Sym”” SymPE) = {0,p"*1}.

The third equality is expected from the isomorphism in and
the second from its dual; these are the two certain exceptions stated in the

theorem. By the discussion following |Proposition 2.11} Sym, Sym, . E =
(Sym? Sym?” E)* and Sym,e Sym,, £ = (Sym” Sym”E)*, so either both or
neither of the possible exceptions occur. Therefore it remains only to prove,
when p = 2, that Sym? Sym? F 2 Sym? Sym? E.

Again we use weight spaces, this time identifying a difference in the

K B-submodules generated by the 0-weight space. The 0-weight space of
Sym? Sym? E is spanned by all (X2)% =0 . (XY)20 . (Y2)2 '~ for 0 <
a < 2°71. Applying M, we get

(X2 44272270 (X +AY)Y) % (Y22 e,

in which each factor has only even powers of X and Y. Thus the K B-
submodule of Sym?” Sym? E generated by the 0-weight space has all weights
congruent to 0 modulo 4. Meanwhile the 0-weight space of Sym? Sym?” E
contains (X2 71Y) - (XY? ~1); applying M., to this we get (X +~Y)> "1y
(X +~Y)Y? 1 whose expansion has X2 'Y - 7Y% with coefficient 1.
Therefore the K B-submodule of Sym?Sym?” E generated by the 0-weight
space has a non-zero weight space for the weight —2. O

If we work instead over the complex numbers, all eight modules in

sition 6.12| are isomorphic (by classical Hermite reciprocity and
tion 6.10)).

6.3. Defect sets for hook Schur functors. Our overall strategy is to use
defect sets to distinguish the eight modules in The reader
is invited to refer ahead to to see how this is accomplished using the
properties of defect sets identified in this subsection and the next. From
now on, K denotes a field of prime characteristic p. In this subsection we
study the defect sets of the modules V(@ 11") Sym! E and V(@+1.1°) Sym, E;
in the next subsection, we do the same with A in place of V.

To identify elements of the defect sets, we need to evaluate the action
of M, on the highest weight vectors. Working with V(“H’lb), we can use
the simple multilinear expansion rule for the polytabloids exemplified in

We also need the description of the action of M, on the

canonical bases of Sym’ F and Sym, E, given by the following lemma.
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Lemma 6.13. We have

i i (=1
(i) My (X® @Y sym—Zv J(E ><X®J®Y®’Z 7eyms
7=0

(il) M, (XY = ZV’LJ<>XJY£9

Proof. Part is obvious from expanding (X + 7Y)'Y*~%. For part
observe that M, (X® ® Y® %)y, is the sum of all (£) tensor products
Z1Q---® Zy where exactly 7 of the factors are X +~Y and the remaining £ —1
are Y. Expanding into pure tensors in X and Y, there are (f) (;) summands
with j factors of X and £ — j factors of Y (each with coefficient *=7). Then
since (f) such summands are required to form (X®/ @Y ®¢J), ., the number
. oy iy e
of times this vector (with coefficient v*~7) occurs is (Z) (;) (J) = ( e—jz‘)' (]
Lemma 6.14. Leta, b, { € N and suppose |K| > 1+2(a+b+1)¢—b(b+1).
If b Z —1 mod p, then 1 € D(V(“H’lb) Symy E).

Proof. Let tmay be the (a4 1,1%)-tableau labelling the highest weight vector
of V(at11") Sym, £/ identified in |Pr0position 6.5|; by this proposition, its
weight is (a+ 1)+l —1)+---+({—b) = (a+b+ 1) —b(b+1)/2, whence
the bound on |K|. Let s be the tableau obtained from tpay by reducing the

entry in the top-left corner by 1. That is,

) l 14 —=b—1| ¢ 14
{—b+1 {—b+1
lmax =| and s =
l—1 -1
14 14

where an entry of i corresponds to the basis vector v; = (X ®® Y®€_i)sym.

We compute M, e(tmax) by acting on the entry in each box of tyay, as in
and then using Garnir relations (see to express
the result in the basis of semistandard polytabloids. Note that the Garnir
relations do not change the multiset of entries of a tableau; thus to identify
the coefficient of a semistandard polytabloid, it suffices to consider only
those tableaux with the same multiset of entries. By M,v; =
Zf;% o (g { )UJ The action of M, on the entries of ¢,y yields
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=3 (o, (o,
> () >V >
j=0 7=0 7=0

(—bt1 A

0—bi1j(l—

Sy
]:
1t
> AT ()

J=0
4 .
VI,
=0

before multilinear expansion. Consider how we can choose summands to
obtain a tableau with the same multiset of entries as s. Since v, must occur
a + 1 times, we must choose vy from the sums in the a + 1 boxes in which it
appears; then vy_1 must occur once, so must be chosen in the only remaining
sum in which it appears; and so on, until we choose vy_p+1 from the box

immediately below the top-left box. Finally we must choose vy_j_1 from the

b+1
1

the top-left box and 1s from every remaining box. Since this sequence of

box in the top-left. The coefficients arising from this choice are ( )fy from
choices gives the semistandard tableau s, no rewriting using Garnir relations
is necessary, and it follows that the coefficient of e(s) in M, e(tmax) is (b+1)7;
this is non-zero by the hypothesis on b. U

Lemma 6.15. Let o, (3, € N with a # 8 and o, 8 < . Suppose |K| >
14+ 2(p° +p°)(p* +p° + 1) = p*(p° +1). Then

(i) p°tc — p € DVE L") Gy’ ).

(ii) 1’ pa’ p/ﬁ’ pa-i-a 7pa ¢ D(v(po‘-i,-LlPﬁ) Symngrpﬁ E)

Proof. For part we consider (as in the proof of [Lemma 6.14)) how we can

expand M, e(tmax) to obtain tableaux with certain multisets of entries. This
time we choose the tableau s obtained from %,,,x by reducing all the entries
in the first column by p®, except the first and last. That is,

pE p€+pﬁ...p€+p6 pE p6_|_pl3...p6_|_pﬁ
p°+1 1
tmax = : and s=
p+p°-1 p’—1
P+ p+p°
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where an entry of ¢ corresponds to the basis vector w; = X iyp =i ¢
Sym‘ E. By |Lemma 6.13|(ii)|7 Myw; = Zﬁ:o i (;)w] Acting by M, on
each entry of ¢,y yields

pe . PpE+pB o ipP
_];J ’YPE —j (p;) wy ];0 "y* (p€ -}—pﬂ) wj Ce P PY* (ps _}_pﬁ) wj
p+1
];) i (pe;r Jw;
pe+pf—1
j=0 v (pSﬂJ?‘B_l) wj
p°+ph
];) v (PE —;pﬁ) Wy

before multilinear expansion, where v* denotes a power of v omitted for
reasons of space. Consider how we can choose summands to obtain a tableau
with the same multiset of entries as s. As before, since wp,s must occur
p® + 1 many times, we must choose wpe s from the sums in the p* + 1
boxes in which it appears. Thus there is a unique choice in each box at the
bottom of a column, and each such choice gives a coefficient of 4° = 1.
Py =
‘ J
(;) which is non-zero if and only if j < ¢, which in particular requires j < i.

For the remaining p® boxes, note that for 0 < i,j < p°, we have (

Thus, since § < ¢, the only remaining sum in which wys_; appears with
non-zero coefficient is that in the penultimate box in the first column, so
it must be chosen there; continuing, we must choose w; from the sum in
box (j,1) for all 2 < j7 < p° — 1. Each of these choices gives a coefficient
of 47", Finally, in the top-left box wps must then be chosen. Thus there
is a unique way to obtain a tableau with the same multiset of entries as s
and the coeflicient is 7(pﬁ_1)ps. Therefore, writing s’ for the semistandard
tableau obtained from s by sorting the first column into ascending order,
the coefficient of e(s") in Mye(tmax) is N

For H, we recall that the module V(paﬂ’lpﬂ) Sym? P E is the image of
the partition-labelled exterior power A” BHSymps“’EE ® (Sym? 7’ g)er”
under the canonical quotient map |t| — e(t). Moreover, if ¢ is a tableau and

~P° £ (), as required.

7= ((1,5) (1,j+1)) then, by the Garnir relation R 1(1,5)1.4(1,j+1)}» We have
e(t) = e(tr); therefore if t and ¢ are tableaux differing only in the order of
the entries in the top row (excluding the top-left box), then e(t) = e(t').
Hence the quotient map factors through

/\p5+1 Sym? 7’ F @ Sym?” Sym?" 7’ E.
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Using both parts of we have
D(v(paﬂ,wf") Sym? t7° E)
C DA Sym? P E) + D(Sym?” Sym?* P’ E)
={epf 1 0< e <Pl + 1)+ {0,p P pote poth 4 pate),

where we have identified the defect sets using after applying
the Wronskian isomorphism AP P41 Sym? P’ B =~ Symy,s4q Sym?” E from
Theorem 1.4} It is clear that 1, p®, p° and p*™¢ — p® are not in this set. [

6.4. Defect sets for dual hook Schur functors. In this section we show
that the module ALY ig isomorphic to a submodule of the partition-
labelled exterior power /\bHV@V@“, and moreover this submodule contains
the highest weight vector. Thus we can compute D(A(a+1’1b)V) by working
in A’V ® V® which has a canonical basis labelled by (a + 1, 1°)-column
tabloids (see §2.1J).

Lemma 6.16. Let V be a K SLy(K)-module with a basis {v1,...,v¢} of
weight vectors, in which v; has weight ;, for some integers r1 < --- <
ro_1 < r¢. Let X be any partition, and let ty.x be the semistandard tableau
obtained by filling each column from the bottom with integers decreasing
from £. Suppose that |K| > 1+ QZbe[/\] Ttmax(b)- LhEN ANV is isomorphic
to a submodule of /\ V' containing a umque highest weight vector |tmax|
of N V. In particular, D(AMN) = DA V).

Proof. Applying contravariant duality to the K G-surjection e from
(with V° in place of V), we get a KG-injection e°: ANV —
(/\)‘ Ve°)°. By the remark after |Deﬁnition 2.10|, the codomain is isomor-
phic to /\X V. It remains to show that the image of this injection contains

the highest weight vector.

It is clear that |tmax| and e(t},4)*

/\ 'V and ANV respectively, where ¢

max

are unique highest weight vectors of
indicates the tableau .« but with
entries understood to correspond to the dual basis of V°. Since these
highest weight vectors are of equal weight, it suffices to show that the
)*) is non-zero in (/\’\l Ve)°. Evaluating at |t}

image e°(e(t} . Fax|s We see
e°(e(thax) ) ([thax]) = e(thax)*(e(thax)) = 1 and thus e®(e(7,.,)*) # 0 as
required. U

Lemma 6.17. Leta, b, { € N. Suppose that |K| > 14+2(a+b+1){—b(b+1).
Then 1 € D(A@HLY) Sym, E).

Proof. By [Lemma 6.16} it is equivalent to show that 1 € D(A""! Sym, E ®
(Sym, E)®%). A unique highest weight vector of A’ Sym, E ® (Sym, E)®®
is the column tabloid for the tableau ¢,y from let s be the
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column standard tableau obtained from t,,,x by reducing the entry in box
(1,2) by 1. Then

’tmax| = ((X®£_b®Y®b)Sym A A X®f) ® ()(@Z)@a7
ls] = (X tRYE)gym A+ - A XP) @ (XPLQY )gym © (X®g)®afl‘
The coefficient of |s| in My |tmax| is the coefficient of ( Xo-1 g Y )eym in

M, X®* which is . Thus |s| is in the K B-submodule generated by the
highest weight vector, giving the required defect. U

Lemma 6.18. Let o, 8,6 € N with o # 8 and o, < €. Suppose that
K| >142(p° +p°)(p™ +p° +1) = p°(p° + 1). Then

() p" € D(AW™ L") Sy 7" )

(ii) 1, p* ¢ D(AP +LIT) Guup™+p° ).

Proof. As in the proof of [Lemma 6.17, we use [Lemma 6.16] to work in
AP’ Sym? 7 E @ (Sym? P’ E)®p rather than AP*+117) Gymp*+#° |

The highest weight vector of AP"*! Sym? 7" E @ (Sym? tP° E)®r” ig the
column tabloid for the tableau tyax from let s be the column
standard tableau obtained from ty.x by reducing the entry in box (1,2)
by p®. Then

|tmax| — (ngypﬂ A A Xp5+pﬂ) ® (ng—i-pﬂ)@p“’
|s| = (XPYP' A A X @ XPYP @ (X7 ST
The coefficient of |s| in M, |tmax| is the coefficient of XP VP in M, XPHPP
which is ’ypﬁ (p E;;p B) # 0. Thus |s| is in the K B-submodule generated by the
highest weight vector, proving

For |(i1), we use and the Wronskian isomorphism (Theo-
rem 1.4) to find that

DN ! Sym? " E @ (Sym?"+7° B)&r%)
C D(Sympﬁ—‘rl Symps E) + ,D(Sympﬁ—l—ps E) +oe gt D(Sympﬁ—i_ps E)

where there are @ summands of D(Sym?’*?° E). From [Lemmas 6.9/and [6.11|

we have
D(Sym?”” ™" E) = {0,p",p°,p" +p°},
D(Sym?" 1 Sym?” E) = {¢p° : 0 < e < p® +1}.
Using that a < € and « # (3, it is clear that 1 and p® are not in this set. [J

Remark 6.19.

(i) It follows from [EGS08| 5.3(b)] and that when K is infi-
nite, A*V is isomorphic to the submodule of /\’\,V generated by its unique
highest weight vector. This explicit construction of A*V is in some cases
more convenient than the presentation by relations given in [EGS08, Ch. 5].
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Furthermore, when K is infinite, by [Hum98, Proposition 31.2], the sub-
module generated by the highest weight vector is the same whether we act
by B or all of SLo(K); thus in this case we have that every weight of AV
contributes to the defect set. That is, writing m for the highest weight, we
have D(AM) = {d € Ny : (A*V),;,_24 # 0}. This can be used to give
alternative proofs of the two previous lemmas, when K is infinite.

(ii) Using and the result from that D(ANV) =
D(/\/\I V), we find that D(AMV) C Z;‘;l D(AY V). When K is algebraically
closed, it can be shown that this is an equality: indeed, under the conditions
of [Lemma 6.7} there is equality D(V @ W) = D(V)+D(W) because any two
matrices M, and Mj; are conjugate in SLy(K) by diagonal matrices, and so,
up to a scalar, M,v ® Msw is equal to M, (v ® w) for some suitable x € K.

6.5. Proof of We are now ready to prove the main theorem
of this section.

Theorem 1.6. Let «, 3, € € N with o < 8 < e. If K has characteristic p
and |K| > 14+2(p°+p°) (p*+p°+1)—p*(p*+1), then the eight representations
of SLo(K) obtained from AP 117 Sym? tP"E by any combination of
(i) replacing A with V,
(ii) replacing Sym™ with Sym_,
(i) swapping o and B,
are pairwise non-isomorphic.

Proof. From [Lemmas 6.15| and |[6.18| we have

1, p®, pP, pot — pf @ D(VP L) Sy ) 5 pite
1’ pa’ pﬁ? p6+5 _ps ¢ D(V (pB+1, 1< Syrnp +pa) 5 pa+5 _ 5
1 pa gD(A (p*+1, 0P mP +pﬁ) Sp B8
1, pﬁ ¢ D(A (pP+1,17% m? +p“) 5 p®

and from [Lemmas 6.14] and [6.17] we have that 1 lies in each of the defect sets
where Sym™ is replaced with Sym_. Thus it is clear that the four modules
whose defect sets are displayed above are pairwise non-isomorphic, and that
none is isomorphic to any of the four modules obtained by replacing Sym™
with Sym_. Finally, by applying contravariant duality to an isomorphism
between any two of the latter four modules we obtain an isomorphism be-
tween two modules defined using Sym™. Therefore no two of the latter four
modules are isomorphic. O
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